Long Range Scattering and Modified 
Wave Operators for the Maxwell-Schrodinger System 

II. The general case 

J. Ginibre 

Laboratoire de Physique Theorique* 
Universite de Paris XI, Batiment 210, F-91405 ORSAY Cedex, France 

G. Velo 

Dipartimento di Fisica, Universita di Bologna 
and INFN, Sezione di Bologna, Italy 

Abstract 

We study the theory of scattering for the Maxwell-Schrodinger system in 
space dimension 3, in the Coulomb gauge. We prove the existence of modified 
wave operators for that system with no size restriction on the Schrodinger 
and Maxwell asymptotic data and we determine the asymptotic behaviour in 
time of solutions in the range of the wave operators. The method consists 
in partially solving the Maxwell equations for the potentials, substituting the 
result into the Schrodinger equation, which then becomes both nonlinear and 
nonlocal in time. The Schrodinger function is then parametrized in terms 
of an amplitude and a phase satisfying a suitable auxiliary system, and the 
Cauchy problem for that system, with prescribed asymptotic behaviour deter- 
mined by the asymptotic data, is solved by an energy method, thereby leading 
to solutions of the original system with prescribed asymptotic behaviour in 
time. This paper is the generalization of a previous paper with the same title. 
However it is entirely self contained and can be read without any previous 
knowledge of the latter. 
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1 Introduction 



This paper is devoted to the theory of scattering and more precisely to the exis- 
tence of modified wave operators for the Maxwell-Schrodinger system (MS) in 3 + 1 
dimensional space time. This system describes the evolution of a charged nonrela- 
tivistic quantum mechanical particle interacting with the (classical) electromagnetic 
field it generates. It can be written as follows : 

' idtu = -{1/2) Aau + AeU 

< DA,-dt{dtAe + V-A) = Jo (1.1) 
^dA + V {dtAe + V-A) = J 

where 

Jo = \u\'^ , J = Im -u Vam • (1-2) 

Here {A, A^) is an IR^^^ valued function defined in space time iR^^^, Va = V — iA 
and = are the covariant gradient and covariant Laplacian respectively and 
□ = — A is the d'Alembertian. An important property of that system is its gauge 
invariance, namely the invariance under the transformation 

{u,A,Ae) iuexp{~i9),A-Ve,Ae + dt9) , (1.3) 

where 9 is an arbitrary real function defined in IR^'^^. As a consequence of that 
invariance, the system ()1.1|1 is underdetermined as an evolution system and has to 
be supplemented by an additional equation, called a gauge condition. Here we shall 
use exclusively the Coulomb gauge condition, namely V ■ A = 0, which experience 
shows to be the most convenient one for the purpose of analysis. 

The MS system (11.111 is known to be locally well posed both in the Coulomb 
gauge and in the Lorentz gauge dtA^ + V ■ A = in sufficiently regular spaces [12] 
PU] and to have weak global solutions in the energy space fT^. 

A large amount of work has been devoted to the theory of scattering for nonlinear 
equations and systems centering on the Schrodinger equation, in particular for non- 
linear Schrodinger (NLS) equations, Hartree equations, Klein-Gordon-Schrodinger 
(KGS) systems, Wave-Schrodinger (WS) systems and Maxwell-Schrodinger (MS) 
systems. As in the case of the linear Schrodinger equation, one must distinguish the 
short range case from the long range case. In the former case, ordinary wave op- 
erators are expected and in a number of cases proved to exist, describing solutions 
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where the Schrodinger function behaves asymptotically like a solution of the free 
Schrodinger equation. In the latter case, ordinary wave operators do not exist and 
have to be replaced by modified wave operators including a suitable phase in their 
definition. In that respect, the MS system (ll.lj) in iR^^^ belongs to the borderline 
(Coulomb) long range case, because of the decay in norm of solutions of the 
wave equation. Such is the case also for the Hartree equation with potential 
and for the WS system in IB?^^ . 

The construction of the wave operators and more precisely the local Cauchy 
problem at infinity in the long range cases of the previous nonlinear equations and 
systems has been treated essentially by two methods. The first method is rather 
direct, starting from the original equation or system. It is intrinsically restricted 
to the case of small Schrodinger data and to the borderline long range case. It 
was initiated in in the case of the NLS equation in IR}'^^ and was subsequently 
extended to the NLS equation in IK^~^^ for n = 2,3, to the Hartree equation in IR^~^^ 
for > 2, to the KGS system in IR^~^^ and to the WS and MS systems in IR^'^^. In 
particular the WS and MS systems in Ut^'^^ are treated in [ID] and in [2H] IIEI 
respectively by that method. We refer to J2] for a review of that method as 
applied to the previous systems and for additional references. The second method 
is more complex and starts with a phase/amplitude separation of the Schrodinger 
function, inspired by previous work on the Hartree equation ^3]. The main 
interest of that method is to eliminate the smallness condition on the Schrodinger 
function and the restriction to the borderline long range case in the case of the 
Hartree equation. It has been applied to the Hartree equation in iR"^^ [4 , with 
subsequent improvements eliminating a loss of regularity between the asymptotic 
data and the solution |2I! [221, to the WS system in |E] [H| and to the MS 

system in IR^~^^ in the special case of vanishing asymptotic data for the Maxwell 
field Hj. 

The present paper is devoted to the extension of the results of |7j (hereafter 
referred to as I) to the general case of non vanishing asymptotic data for the Maxwell 
field, and actually to the case of arbitrarily large asymptotic data both for the 
Schrodinger and for the Maxwell field. Thus this paper is a generalization of I and 
its general structure closely follows that of I. However it is entirely self contained and 
can be read without any previous knowledge of I, from which it differs significantly 
in technical detail. Those technical differences being put aside for the moment, 
the method used in this paper follows rather closely that of I. One first replaces 
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the Maxwell equation for the vector potential by the associated integral equation 
and substitutes the latter into the Schrodinger equation, thereby obtaining a new 
Schrodinger equation which is both nonlinear and nonlocal in time. The latter is 
then treated as in I, namely u is expressed in terms of an amplitude w and a phase 
(p satisfying an auxiliary system similar to that introduced in I. In contrast with I, 
however, the representation of u in terms of {w, if) is now chosen to involve a change 
of t into 1/t in order to simplify the treatment of time derivatives (see Remark 2.1 
below for details). One then obtains an auxiliary system of equations for {w,ip), 
now to be considered in a neighborhood of t = instead of t = oo. One solves the 
Cauchy problem at t = for that system in a roundabout way, since that system is 
singular at t = 0. Returning to the original variable u then allows one to construct 
modified wave operators for the original system The detailed construction is 

too complicated to allow for a more precise description at this stage, and will be 
described in heuristic terms in Section 2 below. 

The main technical difference between this paper and I is that here we sys- 
tematically use time derivatives (and to some extent covariant space derivatives), 
both in the definition of the basic function spaces and in the derivation of the rel- 
evant estimates, whereas in I we used only ordinary space derivatives. Since one 
time derivative is homogeneous to two space derivatives for the Schrodinger equa- 
tion, one can thereby reach a given level of regularity in the space variable for the 
Schrodinger function by using lower total order derivatives than would be needed 
if one used space derivatives only. That property has been used extensively in j2Hl 
PE] [S] P [ini [U]- In the present case, it turns out that one needs the amplitude w 
for the Schrodinger function mentioned above to have if^ regularity with k > 5/2 
in order to handle the nonlinear character of the MS system. Here, restricting our 
attention to integer order derivatives, we reach that level by using only one time and 
one space derivative, which yields a regularity corresponding to H'' with k = 3. In 
addition, the use of time derivatives naturally leads to a systematic use of covariant 
instead of ordinary space derivatives of the Schrodinger function, thereby allowing 
to exploit the algebraic structure of the MS system more efficiently. 

When dealing with systems containing a Schrodinger equation and a wave equa- 
tion coupled together, such as the WS and MS systems, one always encounters the 
difficulty that the two constituent equations have different propagation properties, 
so that the product of solutions of the two equations decays rather weakly in the 
light cone directions. That difficulty can be circumvented by assuming a support 
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condition for the Schrodinger asymptotic data (more precisely for the Fourier trans- 
form thereof), which imphes that the corresponding solution of the free Schrodinger 
equation decays sufficiently fast in the light cone directions. Such an assumption 
appears in early works on the subject [2H] In the framework of the first method 
mentioned above, that assumption can be eliminated by using a suitably improved 
asymptotic form for the Schrodinger function [23] [22] (see ^2] for a review). In the 
framework of the more complex method that we are using here, that can also be 
done for the WS system [E] [HI- In the case of the MS system however, the situation 
turns out to be less favourable. Even in the simpler case of a linear Schrodinger 
equation minimally coupled to a free external electromagnetic field, the support 
assumption has so far been eliminated only at the expense of an intermediate con- 
struction which does not allow for an explicit characterization of the admissible 
asymptotic Schrodinger data j;9j. That construction could certainly be adapted to 
the MS system. However since it is complicated and since the result is not entirely 
satisfactory, we shall refrain from pursuing that line any further and we shall for sim- 
plicity stick to the previously used support condition in the present paper, awaiting 
a satisfactory treatment of that point in the linear case. 

We now give a brief outline of the contents of this paper. A more detailed de- 
scription of the technical parts will be given at the end of Section 2. After collecting 
some notation and preliminary estimates in Section 3, we start studying the dynam- 
ics for the auxiliary system in Section 4 and we solve the local Cauchy problem at 
t = for that system in Sections 5 and 6, which contain the main technical results 
of this paper. We finally come back from the auxiliary system to the original one 
and construct the modified wave operators for the latter in Section 7, where the 
final result is stated in Proposition 7.2. A simplified version of that result is stated 
below as Proposition 2.1. 

2 Heuristics and formal computations 

In this section we discuss in heuristic terms the construction of the modified 
wave operators for the MS system as it will be performed in this paper and we 
derive the equations needed for that purpose. We first recast the MS system in the 
Coulomb gauge in a slightly different form. Under the Coulomb gauge condition 
V • ^ = 0, the MS system becomes 

idtu = -{1/2) Aau + AeU (2.1) 
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A A, = - Jo 

□A + V {dtAe) = J 



(2.2) 
(2.3) 



We replace that system by a formally equivalent one in the following standard way. 
We solve TIH for as 

Ae = Jo = (47r|x|)"^ * = g{u) (2.4) 

where * denotes the convolution in ZR'^, so that by the current conservation dtJo + 
V - J = 0, 

dt Ae = A-^V • J . (2.5) 
Substituting ()2.4|) into ()2.H) and ()2.5|) into ()2.3|) . we obtain the new system 

idtu = -{1/2) Aau + g{u)u (2.6) 
□A = PJ = P Im mVam (2.7) 

where P = 11 — VA~^ V is the projector on divergence free vector fields. The system 
()2.6p ()2.7|) is the starting point of our investigation. We want to address the problem 
of classifying the asymptotic behaviours in time of the solutions of the system ()2.fi|) 
()2.7j) by relating them to a set of model functions V = {v = v{v+)} parametrized by 
some data and with suitably chosen and preferably simple asymptotic behaviour 
in time. For each f G V, one tries to construct a solution {u, A) of the system ()2.6|) 
(j2.7j] defined at least in a neighborhood of infinity in time and such that {u, A) {t) 
behaves as v{t) when t — > oo in a suitable sense. We then define the wave operator 
as the map Q : {u, A) thereby obtained. A similar question can be asked for 

t — > — oo. We restrict our attention to positive time. The more standard definition 
of the wave operator is to define it as the map v^^ {u,A){0), but what really 
matters is the solution {u, A) in the neighborhood of infinity in time, namely in 
some interval [T, oo). Continuing such a solution down to t = is a somewhat 
different question which we shall not touch here. 

In the case of the MS system, which is long range, it is known that one cannot 
take for V the set of solutions of the linear problem underlying ()2.6p ()2.7|) . namely 
of the free Schrodinger equation for u and of the free wave equation for A, and one 
of the tasks that will be performed in this paper will be to construct a better set V 
of model asymptotic functions. The same situation prevails for long range Hartree 
equations and for the WS system in IR^~^^. 
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Constructing the wave operators essentially amounts to solving the Cauchy prob- 
lem with infinite initial time. The system ()2.6p ()2.7p in this form is not well suited for 
that purpose, and we now perform a number of transformations leading to an aux- 
iliary system for which that problem can be handled. We first replace the equation 
()2.7|) by the associated integral equation namely 

A = Aq + A{u,A) (2.8) 

where 

Aq = (cos cut) A+ + uj~'^{smujt)A+ , (2.9) 

POO 

A'{u, ^) = - y dt'u-^ sm{u{t - t'))PJ{u, A){t') (2.10) 
with u = (-A)i/2. 

In particular, Aq is a solution of the free (vector valued) wave equation with initial 
data {A+, A^) at t = 0, and {A+, A+) is naturally interpreted as the asymptotic state 
for A. In order to ensure the condition V-A = 0, we assume that V-A^ = V-v4+ = 0. 

We next perform a change of variables which is well adapted to the study of the 
asymptotic behaviour in time of solutions of the Schrodinger equation. The unitary 
group 

U{t) = exp(i(t/2)A) (2.11) 
which solves the free Schrodinger equation can be written as 

U{t) = M{t) D{t) F M{t) (2.12) 

where M(t) is the operator of multiplication by the function 

M(t) =exp(zxV2t) , (2.13) 

F is the Fourier transform and D{t) is the dilation operator 

{D{t) f){x) = iit)-'/^ f{x/t) (2.14) 

normalized to be unitary in L^. We shall also need the operator -Do(^) defined by 

(Do(t)/)(x) = /(x/t) . (2.15) 

We parametrize the Schrodinger function u in terms of an amplitude w and of a real 
phase if as 

u{t) = M{t) D(t)exp(i(^(l/t))w;(l/t) . (2.16) 
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Correspondingly we change the variable for the vector potential from A to B ac- 
cording to 



and similarly for Aq and A'. 

Remark 2.1. The change of variables ()2.16|) ()2.17|) is slightly different from that 
made in I. Denoting by w*, ip^, -B* the variables introduced in I, the correspondence 
is 



The main practical consequence is that we shall have to study the system of equa- 
tions for [w, (f, B) (see fl2.41|) below) in the neighborhood of t = whereas in I the 
system for (w*,y9^,i?*) was studied in the neighborhood of t = oo. The present 
choice is more convenient when dealing with time derivatives, as we shall do sys- 
tematically in this paper. Note also that the change of variables fj2.16|) reduces to 
the pseudoconformal inversion for ip = 0. 

We now perform the change of variables ()2.16|) ()2.17|) on the system (12. 6|) ()2.7p . 
Substituting ()2.16|) ()2.17|) into ()2.6p and commuting the Schrodinger operator with 
MD, we obtain 



A{t) 



t-^ D,{t) B{l/t) 



(2.17) 



(ti?*exp(-2(/3*)) (t) = wex.Y>{-i(p){l/t) 
B,{t) = -B{l/t) . 



{{idt + {l/2)/\A-g{u))u}{t) 



= t-^M{t)D{t) I (idt + (1/2) As -B - t~^g{w)) exp{-tip)w i (1/t) (2.18) 



where 



Bit) =r^x- Bit) (2.19) 
and more generally for any IB^ valued function / of space time 

fit) = t-'x ■ fit) . (2.20) 



Therefore ()2.(jj) becomes 



(idt + dt^ + (l/2)Ax - Bit) - t-^giw)) 



w = 



(2.21) 



where 



A^ = V| = (V-^ir)^ 



K = B + s 



(2.22) 
(2.23) 
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We next turn to the Maxwell equation in the integral form ()2.8p - ()2.10|) . Substi- 
tuting ()2.16|) ()2.17|) into the definition of J, we obtain 

J{t) = t-^Do{t) N{t) (2.24) 

where 

N{t) = -Mi(l/t) - r^M2{l/t) , (2.25) 

Ml = -x\w\^ , (2.26) 

M2 = lmwVKW . (2.27) 

Substituting ^TI^ into (j2Jn|l and letting t' = tv yields 

A'{t) = - dt'uj-^ sin(cu(t - t'))t''^PDo{t')N{f) 

/oo 
du iy~'^sm{uj{u - l))PDo{iy)N{tu) 

= -t-^Do{t)B'{l/t) (2.28) 
in accordance with ()2.17p . where 

B' = Bi + B2 , Bj = t^'^FjiPMj) for j = 1, 2 , (2.29) 
with Mj defined by fTI^ (fTTfjl and Fj defined by 

/oo 
du y-^-^uj-^ sin(cu(z/ - l))Do{u) M{t/u) . (2.30) 

Note that ()2.26p ()2.29|) ()2.30p yield Bi as an explicit function of w, namely 

Bi = Bi{w)= Bi{w,w) (2.31) 

where 

Bi{wi,W2) = -Fi{Px Re W1W2) ■ (2.32) 

On the other hand (j2.27j) (|2.29j) (j2.3(jp yield only an implicit equation for B2, since 
M2 still contains B2 through K. We shall take the following point of view. We 
shall take B2 as the dynamical variable for the Maxwell field, we shall regard the 
decomposition 

B = Bo + Bi + B2 (2.33) 

as a change of dynamical variable from B to B2, and the relations (|2.29|) (|2.3U|) with 
j = 2 as the equation for B2, in the form 

B2 = B2{w,w,s + B) (2.34) 



where we define 

SsK, W2, K) = tF2 (P Im W1VKW2) . (2.35) 

We now come back to the transformed Schrodinger equation (j2.2ip . Here we 
have parametrized u in terms of an amplitude w and a phase ip and we have only 
one equation for two functions {w, if). We then arbitrarily impose a second equation, 
namely an equation for the phase ip, thereby splitting ()2.21|) into a system of two 
equations, the other one of which being an equation for w. There is a large amount 
of freedom in the choice of the equation for the phase. The role of the phase is 
to cancel the long range terms in 1)2.211) coming from the interaction. The terms 
coming from the covariant Laplacian are expected (and will turn out) to be short 
range. Such is also the case for the contribution of B2 to B because of the factor t 
in ()2.35|) . The term t~^g{w) is clearly long range (of Hartree type) and is therefore 
included in the ip equation. The term Bi in B is also long range, but since it is less 
regular than the previous one, it is convenient to split it into a short range and a 
long range part. Let x e C°°(iR^ iR), < x < 1, xiO = 1 for |^| < 1, xiO = for 
1^1 > 2, and let < /3 < 1. We define 

r XL = F*xi-t^)F , X5 = 1 - XL 

(2.36) 

[ Bi = Bis + BiL , Bis = XsBi , Bn = XlBi . 
Corresponding to the fact that Bq and B2 are regarded as short range, we denote 

^5 = ^0 + Bis + B2 , Bl = BiL . (2.37) 
As the equation for ip, we impose 

dt^ = t-'g{w) + BiL (2.38) 
so that the remaining equation for w becomes 

idtw = Hw (2.39) 

with 

H = -{1/2)Ak + Bs . (2.40) 

Using the fact that the dynamical equations ()2.34|) ()2.39|) contain (p only through 
its gradient s = Vip, we can replace ()2.38p by its gradient, thereby obtaining a closed 
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system of equations for {w, s, B2), namely 



idtw = Hw 



< dts = t-^Vgiw) + VBiL 



(2.41) 



[ B2 = 62(10, w,K) 



with H, BiL and B2 defined by (jOn|l (jOHl) ((233). This is the final form of the 
auxiliary system that replaces the original system ()2.6|) ()2.7p . 

Remark 2.2. In I, aside from the change t ^ 1/t, we have used a slightly different 
equation for whereby the term = |V(/9p appearing in the expansion of the 
covariant Laplacian was included in the ip equation, thereby making it into a 
Hamilton- Jacobi equation. The present choice is simpler since (i) the equation for ip 
or s is now immediately solved by integration over time and (ii) a number of terms 
are treated together in the form of the K covariant derivative, which simplifies the 
algebra and thereby the subsequent estimates. On the other hand the previous more 
complicated choice gives slightly better decay estimates, more precisely a gain by 
(1 — inty in the convergence estimates at zero (or infinity). 

For technical reasons, in addition to the system ()2.4H) . it will be useful to consider 
also a partly linearized system for {w,B2), namely 



for new variables {w',B2), where H and K still correspond to {w,B2). There is no 
point at this stage to introduce a new variable s', since the equation for s makes it 
an explicit function of w (up to some suitable initial condition). 

The problem of constructing the wave operators, namely of solving the Cauchy 
problem at infinity for the original system ()2.fij) ()2.7|1 is now replaced by the problem 
of solving the Cauchy problem at t = for the auxiliary system 1)2.411) . Since that 
system is singular at t = 0, that cannot be done directly, and we follow instead the 
procedure sketched at the beginning of this section on the example of the original 
system fl2.(j|l ()2.7|1 . We choose a set of asymptotic functions v = {wa, Sa, Bia, B2a) 
which are expected to be suitable asymptotic forms of {w, s, Bi, B2) at t = 0, and 



idtw' 



Hw' 



< 



(2.42) 



[ B', = B2{w,w,K) 



11 



we try to construct solutions of the auxiliary system ()2.41|) that are asymptotic to 
V in a suitable sense at t = 0. Note at this point that although Bi is an explicit 
function of w, we refrain from assuming that Bia = Biiwa) in order to allow for 
more flexibility. Actually the final choice of Bia will differ from Bi{wa)- A similar 
remark applies to Sa- We also define 

Ba = Bo + B,a + B2a , = Sa + B^ . (2.43) 

In particular Bq is its own asymptotic form. 

In order to solve the auxiliary system ()2.41|) with the previous asymptotic be- 
haviour at t = 0, we define the difference variables 

(g, a, d, G2) = iw-Wa,S- Sa, Bi - Bia, B2 - B2a) ■ (2.44) 

We also define 

G = Gi + G2 , L = a + G , (2.45) 

so that 

B = Ba + G , K = Ka + L . (2.46) 

We define in addition 

g{wi,W2) = {4:-k\x\)~^ * Re w (2.47) 
so that g{w) = g{w, w), and 

QkAK2, ■) = K2- Vk, + (1/2)(V ■ K2) (2.48) 

so that 

Ak,+k, = A,,, - 2tQKAK2, ■) - Kl . (2.49) 

The separation of Ba and of G into short range and long range parts follows the 
same pattern as that of B, namely 

BlaS = XsBla , BiaL = Xi-^la ; 

(2.50) 

BaS = Bq + BiaS + -B2a , -BqL = -^laL , 

^15 = XsGi , Gil = XlGi , 

(2.51) 

Gs = Gis + G2 , Gl = Gil 
with xl and xs defined in fj2.36|) . 
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Using the definitions ()2.44j) - ()2.48p . we rewrite the auxihary system ()2.41|) in terms 
of the difference variables. We take (g, G2) as independent dynamical variables and 
we consider Gi and a as functions of q defined by 

Gi = B^{q,2wa + q)-R^ (2.52) 
and by the equation for a that follows from the equation for s, namely 

dta = t-'Vg{q, 2wa + q) + VG^l - R2 (2.53) 
with initial conditon (j(0) = 0. The auxiliary system for (g, G2) then becomes 
idtq = Hq — Ri 

G2 = B^iq, 2wa + q,K)- tF2{PL\wa\'') - R, 

where 



(2.54) 



Ri = Ri- H,Wa , (2.55) 
H, = iQkSL, ■) + (1/2)1.2 ^ ^2.56) 

and the remainders -Rj, 1 < j < 4 are defined by 

Rl = idtWa + {l/2)AK,Wa - BaSWa 
R2 = dtSa - r^VgiWa) - VBiaL 

(2.57) 

R^ = Bia- Bi{Wa) 
Ri = B2a - B2{Wa,Ka) . 

In the equation for G2 in (j2.54p . we have used the identity 

B2{w, K) = B2{wa, K,) + B2{q, 2wa + q,K)- tF2{PL\Wa?) . 

The remainders Rj, 1 < j < 4, express the failure of {wa, Sa, -Bia, -820) to satisfy 
the original system (j2.4H) . In order to solve that system, an essential condition will 
be that they tend to zero in a suitable sense as t — 0. Their rate of convergence to 
zero measures the quality of (wa, Sq, i?ia, B2a) as an asymptotic form for a solution 
of the system 

Again for technical reasons, we shall need a partly linearized version of the system 
()2.54|) for the independent dynamical variables {q,G2). With 



w' = Wa + q 



B'o = Boa + Gn 



^2 y 



(2.5J 
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the linearized version of ()2.54|) corresponding to ()2.42j) becomes 
idtq' = Hq' - ^1 

(2.59) 

G'2 = i32(g, 2wa + q,K)- tF2{PL\Wa?) - i?4 . 

Again there is no point in introducing new variables G'^ and a', since Gi and a (with 
the initial condition cr(0) = 0) are explicit functions of q. 

The construction of solutions (w, s, B2) of the system ()2.4H) with prescribed 
asymptotic behaviour at t = is now performed in two steps. The first step consists 
in solving the system (j2.54p with (g, G2) tending to zero at t = under assumptions 
on {wa, Sa, Bia, -B2a) of a general nature, the most important of which being decay 
assumptions on the remainders Rj, 1 < j < 4. This is done as follows. One first 
considers the linearized system (|2.59|) and one solves that system for {q', G'2) for 
given (g, G2) tending to zero at t = 0. This requires no work for G^ which is given 
by an explicit formula. As regards g', we first solve the Cauchy problem for the 
relevant equation with initial condition g'(to) = for some to > and we take the 
limit of the solution thereby obtained when ^ 0. This procedure defines a map 
r : (g, G'2) {q',G2). One then proves by a contraction method that the map T 
has a fixed point in a suitable function space. 

The second step of the method consists in constructing asymptotic functions 
satisfying the assumptions needed for the first step, and in particular the decay 
properties of the remainders. This will be done as follows. We shall take for 
{wa, Sa, Bia, B2a) the sccoud approximation in an iterative solution of the system 
(j2.4ip with the contribution of Bq omitted, starting from Wa(0) = w+ = Fuj^ where 

is the Schrodinger asymptotic state. This will be sufficient to control the Bq 
independent terms in the remainders. On the other hand, the Bq dependent terms 
will be controlled with the help of a support condition on w+, as mentioned in the 
Introduction. The formulas are too complicated to be given here and are deferred 
to Section 6 below. 

With the solution of the auxiliary systems ()2.4H) or ()2.54|) available, it is an easy 
matter to construct the modified wave operator for the original MS system (j2.6|) 
()2.7p . The starting point is the asymptotic state (m+, A+, yi_|_) for the Schrodinger 
and Maxwell fields. One constructs the solution of the auxiliary system ()2.41|) as 
just explained, in a neighorhood of t = 0. From s one reconstructs the phase 
by using (|23HD- One finally substitutes (w, ^, ^2) into (|ZTT)ll (ETTj) ((21211)- (ESI, 
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thereby obtaining a solution {u, A) of the system ()2.6|) ()2.7|) defined for large time. 
The modified wave operator is the map A+) {u, A) thereby obtained. 

The main result of this paper is the construction of (m, A) from A+, A+) as 
described above, together with the asymptotic properties of {u, A) that follow from 
that construction. It will be stated in full mathematical detail in Propositions 7.1 
and 7.2 below. We give here only a heuristic preview of that result, stripped from 
most technicalities. We take /3 = 1/2 in (j2.36p for definiteness. 

Proposition 2.1. Let (3 = 1/2. Let he such that w+ = Fu+ G H^, xw+ G H'^ 
and let w+ satisfy the support condition \6.9L^) . Let {A^,A^) he sufficiently regular 
and decaying at infinity. Define {wa, Sa, Ba) hy \2.43[ ) \2. 1 ?D o \2. .9j) and \6.1\) \6. gj) 
/ fO) . Then 

(1) There exists r = r('U+, < r < 1, such that the auxiliary system 
has a unique solution {w, s, B2) in a suitahle space, defined for < t < t, 

and such that {w — Wa, s — Sa, B2 — -820) tends to zero in suitahle norms when t — ^> 0. 

(2) There exist Lp and such that s = V<f, Sa = V<fa and such that (f — (fa 
tends to zero in suitahle norms when t —>■ 0. Define {u,A) hy \2. 1 6|) \2.11^ \2.31\) - 
^2.3!^) . Then {u, A) solves the system \2. 6|) \2. 7| ) for t > and {u, A) hehaves 
asymptotically as 

iM{t)D{t)eM^M^/t))wail/t),Ao{t)-t''Doit) (B.a + B2a){l/t)) 

in the sense that the difference tends to zero in suitahle norms (for which each term 
separately is 0(1)) when t — > 00. 

Remark 2.3. The suitable space quoted in Part (1) includes in particular the fact 
that w G C(/, n C\I, H^) and xw G C(J, H"^) n C\I, L^) with I = (0, r] so that 
the construction involves a loss of two space derivatives from to w. The relevant 
space for B2 is slightly more complicated. 

We now describe the contents of the technical parts of this paper, namely Sections 
3-7. In Section 3, we introduce some notation, define the relevant function spaces 
and collect a number of preliminary estimates. In Section 4, we study the Cauchy 
problem for the auxiliary system ()2.41|1 . We solve the Cauchy problem for finite (non 
zero) initial time for the equation for w of that system (Proposition 4.1) and we prove 
a uniqueness result under some (weak) decay of the solutions at t = 0. In Section 
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5, we study the Cauchy problem at t = for the auxihary system ()2.54|) under 
suitable general boundedness and decay assumptions on {wa, Sa, -Bia, B2a) and on the 
remainders Rj, 1 < j < 4. We prove in particular the existence of a unique solution 
defined in some interval (0, r] for r sufficiently small, tending to zero in suitable 
norms as t tends to zero, first for the linearized system ()2.59p (Proposition 5.1) and 
then for the non linear system ()2.54|) (Proposition 5.2). In Section 6, we construct 
asymptotic {wa, Sa, -Bia, -B2a) satisfying the conditions required in Section 5. We 
derive in particular suitable bounds for those quantities (Proposition 6.1) and for 
the remainders (Propositions 6.2 and 6.3). In Section 7, we first collect the results of 
Sections 5 and 6 to derive the main result on the Cauchy problem for the auxiliary 
system ()2.4H1 at t = (Proposition 7.1). Finally we construct the modified wave 
operators for the system ()2.6p ()2.7|) from the results previously obtained for the 
system (12.411) and we derive the asymptotic estimates for the solutions {u, A) in 
their range that follow from the previous estimates (Proposition 7.2). 

3 Notation and preliminary estimates 

In this section we introduce some notation and collect a number of estimates 
which will be used throughout this paper. We denote by || ■ \\r the norm in U = 
U{IR^), to be used mostly in iR^, and by < ■, ■ > the scalar product in L^. For any 
non negative integer k and for 1 < r < oo we denote by = H^^HT') the Sobolev 
spaces 

H^^ = ]ue S'{nr) : II u; \\ = ^ || ||, < oo I 

[ a:0<|a|<A: J 

where a is a multiindex. As a shorthand notation we will use 

V'^ = {d" : |a| = k} . 

For 1 < r < oo those spaces can be defined equivalently (with equivalent norms) by 

= [ue S'{nr) : II m; H^^ \\ = \\< uj u ||, < oo} 

where uj = (— A)^/^ and < ■ >= (1 + | • p)^/^. The latter definition extends immedi- 
ately to any k E IR and we occasionally use such spaces. The subscript r in will 
be omitted in the case r = 2. Besides the standard Sobolev spaces, we will use the 
associated homogeneous spaces H!^ with norm || u; H!^ \\ = \\ u^u \\r. In particular 
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it will be understood that H^{IR^) C L^{IB?). In addition we shall use the notation 

for any A; > 1. For any Banach space X C S'{IR"') we denote hy < x > X the space 
defined by 

<x>x^[ue S\nr) :< x>-^uex} . 

For any interval I and for any Banach space X we denote by X) (resp. C^(/, X)) 
the space of strongly (resp. weakly) continuous functions from I to X. For any 
positive integer k, we denote by X) the space of k times differentiable functions 
from I to X. For any r, 1 < r < oo, we denote by U'{I,X) (resp. L\^^[I,X)) the 
space of U integrable (resp. locally U integrable) functions from / to X if r < oo, 
and the space of measurable essentially bounded (resp. locally essentially bounded) 
functions from 7 to X if r = oo. For I an open interval we denote by D'[I, X) the 
space of vector- valued distributions from 7 to X. We say that an evolution equation 
has a solution in 7 with values in X if the equation is satisfied in D'[Iq,X) where 
7o is the interior of 7. For 7 a given interval, we denote by (X, /) the set 

{X,f)^{ueC{I,X):\\u{t)-X\\<f{t) ytel} (3.1) 

where X is a Banach space and / G C(7, M^). For real numbers a and b we use the 
notation aV b = Max(a, b) and a Ab = Min(a, b). 

We shall use extensively the following Sobolev inequalities, stated here in TR", 
but used only in 7R^, and the following Leibnitz and commutator estimates. 

Lemma 3.1. (1) Let 1 <r < oo, 1 < ri,r2 < oo and < j < k. If r = oo, assume 
in addition that k — j > n/r2- Let a satisfy j /k < a < 1 and 

n/r — j = {1 — a)n/ri + a{n/r-2 — k) . 

Then the following estimate holds : 

II uj^v \\r < c\\v 11^-" II uj'^v 11^^ . (3.2) 

(2) Let 1 < r, ri,r3 < oo and 

1/r = 1/ri + l/r2 = l/rg + l/n . 
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Then the following estimates hold 

II i^^{VlV2) \\r < c(\\ u'^Vi llri II V2 \\r2 + \\ ^''^2 Urg || ^1 ||r4) (3-3) 

for k > 0, and 

II [^\V1]V2 \\r < c(|| UJ^Vi \\r, \\ V2 \\r2 + II ^''"^^^2 lira II ^^1 IL) (3.4) 

for k > 1, where [ , ] denotes the commutator. 

The proof of Lemma 3.1, part (1) follows from the Hardy-Littlewood-Sobolev in- 
equality (^ni; p. 117) (from the Young inequality if r = oo), from Paley-Littlewood 
theory and interpolation. The proof of Lemma 3.1, part (2) is given in ^Hl with 
u replaced hy < u > and follows therefrom by a scaling argument. 

Occasionally a special case of (j3.2p will be used with the ordinary derivative V 
replaced by the covariant derivative Va = V — iA, where A is a real vector-valued 
function, namely 

II ^ llr < c\\v Wl;'' II Vav (3.5) 

which holds under the assumptions of Lemma 3.1, part (1) with j = 0, k = 1. The 
proof of (j3.5|) is an immediate consequence of (j3.2j) with j = 0, k = 1 applied to |f | 
and of the inequality |V|f || < iV^f |. 

We shall also make use of the following three lemmas, stated here in iR", but 
used only in IR^. 

Lemma 3.2. Let k > 1 + n/2, vj e , xvj G H''^\ j = 1, 2. Then XV1V2 G H . 
Proof. From 

UJ^XViV2 = [W^, f 2 -|- f 1 [UJ^, x]f 2 + XViUJ^V2 

and 

[x,tu''] = ku^-^V , 
using Lemma 3.1, part (2), it follows that 

II UJ^XViV2 II2 < c( II UO^Vi II2 II XV2 ||oo + || Vfl ||oo || U0^^^XV2 \\2 
+ II Vi lloo II i^^~^V2 II2 + II XVi lloo II iO^V2 \\2 ) . 

□ 
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Lemma 3.3. Let P = 1 - VA'^V. Let k > 1 + n/2, Vj G , j = 1,2. Then 
P Im ViVv2 G H''. 

Proof. One checks easily that 

P Im Vi'Vv2 = P Im V2VV1 . (3.6) 

From 

u'^P Im viVv2 = P Im [to'', Ui] Vf 2 + P Im viUj''Vv2 
= P Im [tu^ vi]Vv2 + P Im (tu%2) Vt;i 

using Lemma 3.1, part (2), it follows that 

II uj'P Im vi\/v2 II2 < c (II uj% II2 II Vt;2 lU + || uj% h \\ Vt;i lU) • (3.7) 

□ 

Lemma 3.4. Let k > 2 + n/2, vi e L°° n , xVvi G V2 G , XV2 G ff'^'^^ 
Then Pij Im xt;2Vjfi G H'' . 

Proof. Let Wi = Pij Im xv2VjVi. Using ()3.6p we obtain 

II Wi II2 <|| vi lloo II Vxt;2 II2 ■ 
We estimate the norm H'' of Wi. We compute 

VPjj Im xv2VjVi = wu + W2i 

where 

= Pij Im (Va;U2)Vjt;i 
W2i = Pij Im (Vfi)Vja;f2 

and, in the expression for W2i, we have used again (j3.6j) . This implies 

II ^^''Wi II2 < II Uj'''^Wii II2 + II Uj''''^W2i II2 ■ 

From 

UJ^-^Wii = Pij Im {VjVi)]VxV2 + {V jVi)[uj''-^V , x]v2 + x{V jVi)uj''-^VV2) , 
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using Lemma 3.1, part (2), it follows that 

II OJ^'^Wi II2 < c( II UO^Vi II2 II VXV2 lloo + II V^-Ui lloo || UJ^^^XVi ||2 

+ II Vt;i lloo II tu''"^t;2 II2 + II xVvi ||oo || ^^''^^2 II2 ) • 
From the computation ()3.7|) in the proof of Lemma 3.3 we obtain 

II 0J^'^W2 II2 < c(|| Uj'^Vi II2 II VXV2 lloo + II UJ^'^XV2 h \\ ^'^V2 ||oo) • 

The result now follows from 

II V"^^! lloo < c II IlL"'^ II uj^vi 

for m = 1,2, with cr = m{k — n/2)~^, using the Sobolev inequalities with integer 
derivatives and Mikhlin's theorem. 

□ 

We shall also need some estimates of the Hartree function g defined by ()2.47|1 . 
Lemma 3.5. Let wj G H^, j = 1,2, k> 3/2. Then g{wi,W2) G 
Proof. The estimate 

II uj''^'^g{wi,W2) II2 < c II u;%iW2 II2 
is obvious, while the estimate 

II g{wi,W2) lie < c II ujg{wi,W2) h < c \\ W1W2 He/s 
follows from the Hardy-Littlewood-Sobolev inequality. 

□ 

We now define the spaces where to look for solutions of the auxiliary system. 
For any interval I C (0, 1], we denote by Xq{I) the Banach space 

Xo(/) = [{w, B2):we Cil, H^) n C\I, H') , 

xw G C(/, H^) n C\I, L^), B2, B2 G C(/, n H"^) n C\I, H^)] (3.8) 

where B2 is defined by fj2.20|) . In order to take into account the time decay of the 
norms of the variables q and G2 (see f|2.44|) ) as t tends to zero, we introduce a 
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function h G C(/, IR^) where / = (0, tq] for some < tq < 1, such that the function 
h{t) = t~^^'^h{t) be non decreasing in / and satisfy 

r dt' t''^ hit') < c hit) (3.9) 
Jo 

for some c > and for all t E I. A typical example of such an h is h{t) = t^'^/^^^, 
with A > 0, which satisfies (j3.9p with c = A~^. We then define the Banach space 

X(/) = Uq,G2) E Xoil) : || (g,G2);X(J) || = Sup h{t)-' 
^ tei 

( ||< X > q{t) II2 V t (||< X > dtq{t) II2 V ||< x > Aq{t) y) 
Vt3/2(|| ^dtqit) II2 V II VAg(t) II2) 

V t-'/^ II VG2(t) II2 V t'/\ II V^G2{t) II2 V II VdtG2{t) II2 V II VG2{t) II2 ) 

V t'/^{ II V'G2(t) II2 V II VdtG2{t) II ))} . (3.10) 

We next give some estimates for various components of Bi expressed by ()2.36|) . 
It follows immediately therefrom that 

II II2 < II ujPBis II2 < t^^"'""^ II u^^Bi II2 (3.11) 

for m < p, and similarly 

II uj^'BiL II2 < (2t-^)™-P II LjPBiL II2 < (2t-^)™-P II cjP^i II2 (3.12) 

for m > p. 

We now estimate Fj{M) defined by (Eip (jTTKll . From (jmU)) it follows that 

cjFj(M) = Fj+i(wM) (3.13) 
dtFj{M) = F,+i{dtM) (3.14) 
X ■ Fj(PM) = Fj_i{x ■ PM) . (3.15) 

The first two identities are obvious while in ()3.15|) we have used the identity 

[xJ{uj)]-P = 

which holds for any regular function /. In addition, a direct computation yields 

X ■ PM = P{x (g) M) - 2cu~ V ■ M 
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from which ()3.15|) can be continued to 

X ■ Fj{PM) = Fj_i (P(x ® M) - 2uj'^V ■ m) . (3.16) 
In order to estimate Fj we define 

/oo 

v-^-^l^ jitjv) (3.17) 

for any j G iR and for any non negative function / in iR'*' . The estimates on Fj are 
summarized in the following lemma. 

Lemma 3.6. For any m,j E IR the following estimates hold : 

(i) ||^-F,(M)||2<c/,+^_2(||^'"-'M||2 A Wuj^Mh) (3.18) 

{2) \\u'^x-Fj{PM)\\2<cIj+m~^(\\<x>uj"'~^M\\2) (3.19) 
(3) For any r , 2 < r < A, 

/oo 
dp{u - l)-i+2/'- p-i+y^ II M{t/p) \\r, (3.20) 

with 3/ri = 2 + l/r. 

Proof. Part (1). From the definition of Fj and from ()3.13|1 . from the identity 

II U'^D^{V)V II2 = Z/-"^+='/2 II ^m^ 11^ 

and from the estimate 

I sinc(j(z/ — 1)\ < 1 /\ vuo 

we obtain easily ()3.18|) . 

Part (2). It is an immediate consequence of ()3.16|1 and of Part (1). 

Part (3). From the pointwise estimate P] [21] 

II sinu;(z/ - l)v \\r < c{y - l)-i+2A' || u^-^l^'v \\r 
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with 2 < r < oo and 1/r + 1/r = 1, it follows that 

/oo 

which imphes fl3.20|) by Lemma 3.1, part (1). 

□ 

The use of Lemma 3.6 leads to integrals of the type Ij{t~°'h) which are estimated 
by an elementary calculation as 

Ijit'^'h) = t2/2-°J,+3/2-aW < C (3.21) 

provided a < j + 2. 

We now collect some properties of divergence free vector valued solutions of the 
wave equation UAq = with initial data given by ()2.9|) . The divergence 

free condition V ■ Aq = 0, obviously equivalent to V ■ = V ■ A^ = 0, implies that 
Ux ■ y4o = 0, so that x ■ Aq can be written as 

X ■ v4o(t) = {cosujt)x ■ A^ + ti;^^(sina;t)a; ■ A^ . (3.22) 

We shall need the dilation operator 

S = tdt + x-V + 1 . (3.23) 

The operator S satisfies the following commutation relations 

[S, exp{iu!t)] = 
Su-^ =uj-^{S + j) 

Sdiv'' = dlV\S -3-k) (3.24) 
SD^{t) = Doit) tdt (3.25) 

for any non negative integers j, k. It follows from ()3.24|) that DSAq = so that 
SAq can be written as 

[SAq) (t) = (coscjt)(l + X ■ V)A+ + uj-\smujt){2 + x ■ V)i+ . (3.26) 

When changing variables from Aq to Bq according to (j2.17j) n we obtain 

(x ■ Ao) (t) = -t-'Do{t) Bo{l/t) (3.27) 

and 

V^'S^Aoit) = (-1)^+1 t-^-^Do{t) {y^tdtYBo) (l/t) . (3.28) 
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We finally collect some estimates of divergence free vector solutions of the wave 
equation. 



Lemma 3.7. Let j , k be non negative integers. Assume (A^.,^^) to he divergence 
free and to satisfy the conditions 



for 



u-^A G L2 VAe 

■ A={x- vy'V^A+ A={x- vy'V'^ix ■ A+) 

^ A={x- vyv^A+ A={x- vyV'ix ■ A+) 



(3.29) 



(3.30) 



for < j' < j . Then Aq satisfies the following estimates : 

II (5^"v'=Ao)(t) II. V II {S^'W^'x ■ Ao){t) \\r < bo t-^+^'' (3.31) 

for < j' < j , for 2 < r < oo and for allt>0. 

Let Bq and Bq be defined by ^2.17 )o and l\2.2U\} . Then Bq and Bq satisfy the 



following estimates : 

II dlV^Bo{t) II, V II cPtV^Boit) \\r < bo t-^'-'^+i/^ (3.32) 
for 2 < r < cx) and for all t > 0. 

Proof. The estimate ()3.31|) is standard for j = ^7\. For j 7^ it is a consequence 
of the case j = and of the commutation relations satisfied by the operator S. The 
estimate (jO^ follows from (jTTfjl . (jT^ and (jOT]l . 

□ 

In all the estimates in this paper we denote by C a constant depending on the 
asymptotic functions {wa, Ka) through the available norms. Absolute constants will 
be in general omitted, except in special arguments where they are explicitly needed, 
in which case they are denoted by c. The letters j, /c, £ will always denote non 
negative integers. 
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4 Miscellaneous results on the auxiliary system 



In this section we study the Cauchy problem for the auxihary system (I2.41|) 
and its variants ()2.42j) ()2.54|) ()2.59|) . We first solve the Cauchy problem with finite 
(non zero) initial time for the Schrodinger equation which occurs in ()2.42|) ()2.59p . 
We then derive a uniqueness result for the Cauchy problem at time zero for the non 
linear system ()2.4H) . That result will eventually apply also to the system ()2.54j) . 

We rewrite the Schrodinger equation which occurs in ()2.42|) or ()2.59|) in the 
general form 

tdtv = -(1/2) Akv + Vv + fo = Hv + /o (4.1) 

where is the covariant Laplacian associated with a real vector field K and V is 
a real function. We first state the result on the Cauchy problem at finite time for 
that equation. That result is a variant of Proposition 3.3 of 

Proposition 4.1. Let < r < 1, let I = (0, r] and let to E I. Let K,V E 
C{I, n H'^) n C\I, H^) with dtV-K e C{I, H^). 

(1) Let /o G Llg^{I, H~^) and vq G . Then there exists at most one solution 

V G (L- n C^)(/, H') of (O wzth vito) = vo. 

(2) Let in addition /q G C^{I,H^) and Vq G H^. Then there exists a unique 
solution V G C{I,H^) fl C^{I,H^) of (|^.i| ) with v{to) = vq. That solution satisfies 
the conservation laws 

II ^(^2) 11^-11 v{t,) \\l = r dt2lm< V, fo > (t) , (4.2) 

II dMt2) \\l - II dtv{ti) \\l = f dt2lm< dtv, f^ > (t) , (4.3) 

Jti 

II VKdtvit2) \\l - II VKdtviti) \\l = r dt2lm< VKdtV, /s > (t) (4.4) 

Jti 

for all ti,t2 G /, where 

f2 = {dtH)v + dtfo , (4.5) 
dtH = I {dtK) ■ Vk + (V2) {dtV ■ K) + {dtV) , (4.6) 
/3 = {dtK + VV) dtv + VKf2 . (4.7) 

(3) Let in addition < a; > /o G C^{I, L^) and < x > vq E ■ Then the solution 

V satisfies < x > v & C{I, H"^) fl C^(/, L^) and v satisfies the conservation laws 

II xv{t2) \\l - II xv{ti) \\l = dt 2lm< XV, xfo + V kv > (t) , (4.8) 

Jti 
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\\xdtv{t2)\\l - \\xdtv{ti)\\l= r dt2lm<xdtV,xf2 + VKdtV> {t) (4.9) 
for all ti, t2 G /. 

Proof. 

Part (1). It follows easily from the regularity assumptions on v that the norm of 
the difference of two solutions is constant in time. This immediately implies unique- 
ness. 

Part (2). The proof proceeds by a parabolic regularization and a limiting procedure. 
We consider separately the cases t > to and t < to and we begin with t > to. The 
regularization is parametrized by a parameter 77 with < rj < 1, and in addition we 
regularize K in space by the use of a standard mollifier parametrized by rj so that 
the regularized Kjj belongs to C^{I,H'^) for any N > 1. The regularized equation 
is then 

idtV = H^v + fo (4.10) 

where 

= -(1/2)(1 - t7])AK, + V = Ho^ + A^, (4.11) 
Hor, = -il/2){l-tr])A (4.12) 
A, = (1 - (iK^ ■ V + (V2)(V ■ K,) + {1/2)K^) + V . (4.13) 
The equation ()4.10|1 can then be rewritten as 

idtV = Hor^V + (4.14) 

where 

/, = V + /o. (4.15) 

Define 

t/^(t) = exp (-zt Hor,) . (4.16) 

The Cauchy problem for ()4.1()j) with initial condition v{to) = vo can then be 
rewritten as a fixed point problem for the map (p defined by 

{(l){v)){t) = Ur,{t-to)vo-t f'dt'U,{t-t')f,{t') . (4.17) 

J to 

The map is easily seen to satisfy the following identities 

idt(l)iv) = Hor, (l)iv) + , (4.18) 
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{idt(t>{v)) {t) = U,{t - to) (Ho,Vo + Uto)) + f dt'Ur,{t - t')dtfr,{t') . (4.19) 

J to 

We next show that the map is a contraction in C{J,H^) fl C^{J,H^) for J = 
[to, to + T] for T sufficiently small. For that purpose we estimate 

\\ {<P{v)m h < \\ vo h + tdt'\\fr,{t')h, (4.20) 

J to 

II {dt(l){v)) (t) II2 < II Ho,Vo II2 + II Uto) II2 + f'dt' II dj,{t') II2 , (4.21) 

J to 

II {Vdt(f){v)) {t) II2 < II VHor,vo II2 + II V^(to) II2 f dt\t-t')-^'^ II 9j,(t') II2 , 

(4.22) 

II VA0(t;) II2 < 2 (II Vdt<P{v) II2 + II V/, II2) (4.23) 
where in ()4.22|) we have used the estimate 

II Vf/,(t);i3(L2) ||<(^i)-i/2. 

In order to estimate the relevant norms of we need estimates of A^, dtA^^ and 
VA^ and for later purposes we also consider VdtA^. From ()4.13p we obtain 

dtA^ = (1 - Qk, {dtKr,, ■) + dtV , (4.24) 

VA^ = (1 - i7])t Qk, iyK^, ■) + VV^ , (4.25) 
VdtAr, = (1 - ir,)i Qk, {VdtK,, ■) + {dtK,) (VK,) + VdtV , (4.26) 

where 

QK{L,-) = L-VK + il/'2){V-K) . 

We estimate 

II A,v II2 < (II Hoc + II V ■ lis) II Vv II2 + (II K \\l + II V lU) II V II2 , 

(4.27) 

II idtAr,)v II2 < II dtK lie (|| \\s + || \\^ \\ v 

+ {\\dtV-K\\, + II lie) II 1; lis , (4.28) 

||(VA,)i;||2 < II Vigils (II Vt; lie + II Hoc II lie) 

+ (|| VV-ir II2 + II VV II2) II V Hoc , (4.29) 
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II {ydtA^)v\\^ < II VdtK II2 (II Vv lu + II K lu II V lU) 

+ (II WdtW -Kh + II dtK lie II WK ^ + II ^dtv h) \\ v \U , (4.30) 

where we have used the fact that the norms of Kr, are bounded by those of K 
whenever the latter are finite. Using ()4.27|) ()4.28|) ()4.29p . we estimate 

II fv h < II II2 + II /o II2 < C(|| Vv II2 + II V II2 +1) , (4.31) 

II dtfn II2 < II Aridtv II2 + II {dtAn)v y + \\ dtfo h 
< C( II Vdtv II2 + II dtv II2 + II Vv lis + II V lis +1) , (4.32) 

II V/^ II2 < II A^Vv II2 + II (VA^)i; II2 + II V/o II2 
< C[ II Av II2 + II Vv II2 + II V lloo +1) (4.33) 

where the constants C depend on K, V and /q. 

From (|ODl)-(|OSI) and (j4Tr^ - (j03|l . it follows that is a contraction in C( J, H^)n 
C^{J, H^) for T sufficiently small, so that ()4.10j) with initial condition f (to) = "^o has 
a unique solution in that space. By standard arguments using the linearity of the 
equation, one can extend the solution to /+ = [to, t]. Let t>.^ be that solution. 

We next take the limit 77 — > and for that purpose we need estimates of 
uniform in 77 in the relevant norms. Those estimates will follow from the conservation 
laws satisfied by f^, which are the regularized version of ()4.2|1 ()4.3|1 ()4.4|1 . with 
regularized K, /2 and f^. In fact from ()4.10j) it follows formally that 

dt II ^^r, II2 = -V II V/<^ \\l +2 Im < u^, fo > (4.34) 

so that 

dt II V, II2 < II fo II2 . (4.35) 
Taking the time derivative of (j4.1(J|) then yields 

idtdtv.rj = Hr,dtV.rj + (dtAr,) Vri + dtfo (4.36) 

which implies 

dt II dtVri II2 = II ^K^dtVri \\l +2 Im < <9tW^, f2rj > (4.37) 

and therefore 

dt II dtv^ II2 < II f2r, II2 (4.38) 
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where 

/2, = (9t A) + 9tfo = i{l - iv) [Qk, {dtK„ V,)) + (dtV) v, + dtfo • (4.39) 
Taking the covariant gradient of (j4.36|) yields 

idtVK.dtVr, = -(1/2)(1 - ir])VK,AK,dtV^ + VVK.dtVr, + fsv (4.40) 

so that 

dt II VkA^v Wl = -V II ^kA^v \\l +2 Im < VkA^v^ > (4-41) 
and therefore 

dt II VK.dtVr, II 2 < II fsn II 2 (4.42) 

where 

fsr, = {dtK^ + VV) dtv^ + VKj2n ■ (4.43) 

The conservation laws ()4.34|1 ()4.37|1 ()4.41|1 for f ^ are in fact derived in an integral 
form similar to ()4.2|) ()4.3|) ()4.4|) . The proof is immediate for fj4.34|) ()4.37|) under the 
available regularity properties of f^, while it requires a more delicate argument for 
(I4.4ip involving an additional regularization and a limiting procedure. It is at this 
point that we need the rj regularization of K. We refer to j2] for details on that 
problem. 

We now estimate Vr,- We define 

I/O = II ^^r? II2 , y2= II dtVr^ Us , Z/3 = || ^ K^tV^ h ■ (4-44) 
From (j4.35p we obtain 

yo< II ^^0 II2 + tdt' II /o(0 II2 <C . (4.45) 

Jto 

From ^~T^ ^~T7\ we obtain 

II At;^ II2 < 1/2 + C'(|| Vt;,, II2 + ||t^r,||2)+ II /o II2 
< y2 + C{yl^' II Av, llf +2/0 + 1) 

which implies 

\\ AVr,\\2<y2 + C . (4.46) 
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From (IOH|l we next obtain 

dty2 < \\ f27^ h < C{\\Vv^\\3 + II t;,, 113)+ II 5t/o II2 

< clyl^' + l) (4.47) 



by (fOKjl which imphes 

1/2 < C . (4.48) 
We next estimate 7/3. From (lOHll we obtain 

%3 < II hv II 2 < II + lie II dtv^ II 3 + II (9tA^) Vv^ II 2 

+ II (Vat^,)^;, II2 + II K, lU II /2, II2 + II VdJo II2 (4.49) 
so that by ^TI^ (jOHIl and (jOTjl (jOH|l 

5*2/3 < II hr, II2 < C( II dtU, h + II V\ II3 + II VV,, II3 

+ II lloo + II Vn lloo +1) + II V9j/o II2 

< C( II dtVr, h + II lis + II Vt;^ lloo +1) • (4.50) 
Using a shght extension of ()4.27j) . namely 

II A^r, llr < II K lloo II VVr, \\r + \\ V'K \\q \\ \\r^ + (\\ K ||^ + || V ||oo) || f,, ||r 

with 2 < r < 6 and 1/ri = 1/r — 1/6, we estimate 

II At;^ llr < II ^tw^ llr + C(|| Vt;^ llr + || f,, Hn + || ^^77 ||r) + || /o llr 

< II dtVr, llr +C <C (yl + 1) (4.51) 

with < 5 = 3/2 — 3/r < 1, by ()4.4fij) ()4.48j) and a covariant Sobolev inequahty. 
From (P3ri|l (p3Tjl we obtain 

dty3 < C {yl^' + 1) (4.52) 

which imphes 

2/3 < C (4.53) 

and therefore by ()4.48|) 

II VdtVr, II2 < C . (4.54) 
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Finally taking the gradient of ()4.14|) . we estimate 

II VAv^ II2 < 2(11 VdtVr, II2 + II V{A^v) II2 + II V/o II2) < C (4.55) 

by K77\ Km and The estimates (IOH|l 

show that is estimated in C(J_|_, H^) fl C^(/_|_, i/^) uniformly in rj. 

We now take the limit 77 0. Let < 772 < 771 and let = w^., Ki = K^^, 
i = 1,2. Taking the difference of ()4.10|) for z = 1, 2, we obtain 

idt{vi - V2) = {i/2){r,i - r]2)AK,vi - (1/2)(1 - i7/2)((A/<, - Ak,)vi 
+AkM-V2)) +V{Vi-V2) 

so that 

dt II - II2 = (^71 - ^2)Re <vi- V2, Ak^vi > 
- Im < t;i - V2, (1 - ir]2){AK^ - Aa-Ji^i > -r]2 \\ V Kii^i - V2) \\l 
and therefore 

dt II vi - V2 II2 < Vi II ^K^vi II2 + II (Aa'i - A^-Jt^i II2 • (4.56) 
We then estimate 

II {Ak, - AkM II2 < II V(iri - K2) II2 ( II Vi;i lis + II vi lloo 

+ II K1 + K2 lie II vi lie) . (4.57) 

One chooses the regularization of K in such a way that 

II Krj -K;H^ \\ < T] II K; H"^ \\ (4.58) 

which is ensured for instance by regularizing by convolution with a function of x/rj. 
From (H3T)ll (HlTTj) (H3H|) and from the uniform bounds (lOHll dOHD (IOH|) it follows 
that 

dt II ^^1 - ^^2 II2 <C7]i. 

Therefore Vr, has a limit f G C{I+,L'^) in L°°{I^, L'^) norm. From that convergence 
and from the uniform bound (H3H|l . it follows that v G C(/+, iy*^)n(L°°nC^)(/+, i/^) 
for < k < 3 and that converges to v in L°°{I^, H^) norm, in the weak * sense 
in L°°{I^, H^) and weakly in pointwise in time. From ()4.10|) for f^, ()4.58|) 
and the previous convergence, it follows that dtv^j converges to dtv in L°^{I^, L"^) 
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norm. From that convergence and from the uniform bound ()4.54|) . it follows that 
dtv eC{I+, H^) n (L~ n C^)(/+, i/^) for < A; < 1 and that dtv^ converges to dtv in 
L°°{I^, H'') norm, in the weak * sense in L°°{I^, H^) and weakly in pointwise 
in time. Clearly v satisfies (j4.H) . Furthermore v satisfies the conservations laws 
()4.2|) ()4.3p which can be proved directly from ()4.H) under the available regularity 
properties of v. The conservation law ()4.4|) is more delicate and can be proved only 
as an inequality at the present stage. We start from the conservation law for f^, 
namely 

II ^KridtVr,{t) \\l - II VK,j{Hor,Vo + f^ito)) \\l = -7? / dt' \\ AKr,dtV^{t') \\l 

J to 

+ /* dt' 2 Im < VxA^r,, > {t') . (4.59) 

When rj ^ 0, V Kr^dtVr^it) converges to V Kdtv{t) weakly in L^, so that 

II "^Kdtvit) \\l < liminf II VKA^rtit) \\l • 

The second term in the left hand side of ()4.59|1 converges to the obvious limit by 
estimates similar to ()4.27|1 ()4.29j) . The first term in the right hand side is negative. In 
the second term, V Kr^dt^r^ is bounded in L°°{I+, L^) and converges to VxdtV weakly 
in pointwise in time. On the other hand /s.^ is also bounded in L^{I+, L"^) 
and converges to /a strongly in pointwise in time by ()4.49|1 ()4.28|1 ()4.3()j) ()4.5()j] . 
Therefore that term converges to the obvious limit by the Lebesgue dominated 
convergence theorem. Thus we obtain for all t G /+ 

II VKdMt) \\l - II VKiHvo + foito)) \\l < f dt' 2 Im < Vx^^t;, /s > {t') . (4.60) 

At this stage we have proved Part (2) of the proposition in /+, except for the 
strong continuity of v and dtV at the upper levels of and if^, and for the conser- 
vation law ()4.4j) for which we have only the one sided inequality ()4.(i()|) . 

We next consider the interval /_ = (0,to]- By the same method we obtain a 
solution V e C{I., H^) n (L^^ n C^)(/_, H^) for < A; < 3 with dtV G C(/„, H^) n 
(L,~ n C^)(/_,//^) for < /c < 1. Let now < ti < ta < We apply the first 
construction with to = in l^i;''"] and the second one with to = ^2 in (0,^2]- Using 
()4.60|1 with to = ii and its reverse analogue with to = t2, and using the uniqueness 
of Part (1), we obtain ()4.4|) for any ti,t2 G /. Finally ()4.4|) together with weak 
continuity implies strong continuity of dtV in if^, from which strong continuity of v 
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in follows from the gradient of ()4.H) . This completes the proof of Part (2). 



Part (3). Let ^ e C^(iR^iR+), < ^ < 1, i){x) = 1 for |a;| < 1, ^(x) = for 
|x| > 2 and let pr = xip{x/R) for i? > 0, so that 

\Wpr\<c , \Apr\<cR-' (4.61) 

for all X G IR^. Let v be the solution of 1)4.111 obtained in Part (2). Then prv satisfies 
the equation 

idtPRV = HpRV + (Vpr) ■ Vkv + {1/2){Apr)v + prU . (4.62) 

The function prv satisfies the conclusions of Part (2) and in particular the conser- 
vation laws 

II pRv{t2) \\l - II pRv{ti) \\l = dt2lm< prvJor > (t) , (4.63) 

Jti 

II PRdtv{t2) \\l - II PRdtvih) \\l = r dt2lm< pRdtV, f2R > (t) (4.64) 
for all ti,t2 G /, with 

foR = (Vpij) ■ Vkv + il/2){ApR)v + pRfo , (4.65) 

f2R = {dtH)pRV + dtfoR 

= {dtH)pRV + (Vpr) ■ dtWKV + {l/2){ApR)dtV + pRdth ■ (4.66) 

From ()4.63|) ()4.65|) ()4.61|) and the properties of v obtained in Part (2), it follows 
that prv is estimated in L'^^i^, L"^) uniformly in R, so that xv G (L^^ fl C^)(/, L'^). 
Taking the limit i? ^ oo in ()4.63j) yields ()4.8)1 which implies that xv G C{I,LF'). 
From ()4.64|1 ()4.66|1 ()4.6H) . by the same estimates as in the proof of Part (2), in 
particular ()4.46|) ()4.47|) . it follows that PrOiV and ApRV are estimated in L'^^{I,L'^) 
uniformly in R so that xdfV G {Lf^^ ^ Cw){I, L"^)- Taking the limit i? ^ oo in ()4.64|) 
by using the convergence of prv to xv in and the uniform bound of ApRV, we 
obtain ()4.9)1 . which implies that xdtv G C{I,L'^). From that result and from ()4.1)1 it 
follows that also xAv G C{I, L^). This completes the proof of Part (3). 

□ 

We now turn to the nonlinear system ()2.41|1 and its linearized version ()2.42)1 . We 
shall eventually derive a uniqueness result for the solutions of ()2.4ip under suitable 
assumptions on their behaviour at time zero. For that purpose, we need some 
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estimates of the difference of two solutions of tlie system ()2.42|) . Those estimates 
will be used again in the contraction proof of Section 5 below. 

We shall use the following notation. Let fi, i = 1,2 he two functions or operators 
associated with a pair (wj, Sj, B2i) or {w^, B'^^), i = 1,2. We define f± = (l/2)(/i±/2) 
so that /i = /+ + /„, /2 = /+ - /_ and {fg)± = Ug± + f^g^. Let now (w-, S^J, 
i = 1, 2, be a pair of solutions of the system ()2.42|) associated with a pair {wi, Si, B2i), 
i = 1,2. Then {w'_,B'2_) satisfies the equations 

idtw'_ = H+w'_ + H^w'_^ 

(4.67) 

B'2_ = 2B2{w+,W-,K+) - tF2iPK4\w+\^ + \w-\^)) 
where 

= -{1/2) Ak^ + {l/2)Kl + Bs+ , (4.68) 
H_ = iK_ ■ Vk+ + (V2)(V ■ K_) + Bs- . (4.69) 

We shall also need (see (jOT]l (jSISl) 

B^_ = 2Bi{w+,w.) , Bis/L-=2Bis/Liw+,w.) . (4.70) 

If Si, i = 1,2, satisfy the second equation of ()2.41|) . then 

dts^ = 2t-'Vg{w+, w_) + VBiL^ . (4.71) 

We can now state the difference estimates of two solutions of the system ()2.42j) . The 
estimates of w'_ are stated in differential form for brevity, but should be understood 
in integral form, in the same way as the conservation laws (j4.2|l - ()4.4|l . 

Lemma 4.1. Let < (3 < 1. Let < t < 1, let I = (0, r] and let h G C{I,nt) 
satisfy 

r dt t~^/^hi{t) < oo . (4.72) 
Jo 

Let Wi, i = 1,2 satisfy Wi G /^°°(/, H^), xwi G iv°°(/, H"^) and 

\\< X > w^t) II2 < C hi{t) (4.73) 

for all t E I . 
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(1) Let Bi{wi) he defined by / fOTl) / fOl) . Then Bi{wi) G (C n L'^){I,H^), 
tVBi{wi) G {C n L°°){I , H"^) and Bi_ satisfies the estimates 



V5i_ II2 <C/o(||<x>«;_ II2) , 
V5i_ II2 <C t-h_A\\<x>w^ II2I 



(4.74) 
(4.75) 



(2) Let Si satisfy the second equation of \2.4i ) with w = Wi, i = 1,2, with 
Sj(to) £ for some to G /. Then Si G C{I, H"^), s__ G C(/, iJ^) anc? s_ satisfies the 
estimates 

II V^a^s- II2 < C r^-'^'^/_i (||< X > II2) + C t-' (II II2 +42 II Vu;_ II2) 

(4.76) 

/or = 0,1,2. 

(3) Let Bq satisfy i3. Jjjj) /or < j, k,j+k < 1 andr = 00. Let in addition tdtWi G 
L^{I,H'), i = 1,2. Let 52i satisfy B2i G 1^=^(1,11^), tdtB2i G L^{I,H'), tVB2i G 
L'^{I, H^), i = 1,2. Let {w'^, B!^,), i = 1,2 be solutions of the linearized system ^2.42\ ) 
satisfying the same conditions as (wj,i?2i)- Then the following estimates hold : 

dtWwih] < C(||V-S-||2 +(l-^nt)(|| s_ II3 + ||VB_||2) 

+ t^ II V5i_ II2 + II VS2- II2 ), (4.77) 



dt II xw'_ II2 < II Vk+w'_ II2 + C( II V ■ s_ II2 +(1 - in t) 

;|| s_ II3 + II V5_ II2) + t^ II Vfii_ II2 + II VB2- II2 ), (4.78) 



dt II Vx+ti^^ II2 < rM|| w'_ II2 + II w'_ II3 + t-^ II s 



+ (1 - £n t) II Vs_ II2 + II VV • s_ II2 + II Vfi- II2 
+ (l-£n t) II V52_ II2 



Vfii- II2 

(4.79) 



II V5^_ II2 < C t /i((l t) II II2 + II s_ II2 + II Vfi_ II2 j , (4.80) 
II V5^_ II2 < C /o((l -int)\\<x>w_ II2 + II s_ II2 + II Vfi_ II2 ) (4.81) 
for all t E I. 



Proof. We first estimate Bi[wi) and s,. From ()2.HH1 ()2.H2|1 . from ()H.18|1 and from 
Lemma 3.2, we estimate 



u^+^Br{w,) II2 < (II cu'"x|«;,p h) < C 



(4.82) 
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for < m < 3. Similarly from ()3.19|) . we estimate 

II u'^+^Biiwi) II2 < t-^Im-i (||< X > a;"x|w;,|2 II2) < C (4.83) 

for 1 < m < 2. Similarly from (j3.18j) . we estimate 

II uj'^+'dtB.iw,) II2 < Im+i (II uj^xdt\w,\^ II2) < C (4.84) 

for < m < 1. From (j4.83p and Lemma 3.5, we obtain 

II uj'^^^dtSi II2 < C (4.85) 

for < m < 1, and by integration over time 

||a;"+^Si II2 < C{l-^nt) (4.86) 

for < m < 1 and for all t E I. Lower norms of Bi{wi), Bi{wi) and Sj can also be 
estimated. In particular one can show that Bi{wi), VBi{wi) and Sj are estimated 
in L^. The argument will be given on the example of Bi{wa), Biiwa) and Sa at 
the beginning of the proof of Lemma 6.1 below. From ()4.82|l - ()4.86j) it follows in 
particular that 

II 5i+ lU V II V5i+ lU V t II V5i+ lU V t II dtB^+ \\oo<C , (4.87) 

t\\dtS^\U<C , II s+ lU V II Vs+ lie < C(l-£nt) . (4.88) 
We now begin the proof of the lemma proper. 

Part (1). The properties of Bi{wi) follow from (gSHI)- The estimates ^77^ 

fBTT^ follow immediately from ^^Tf^ (jTTR|l (jTTTI|l . Note that at this point that 
the condition ()4.72j) ensures the convergence of the integral in the right hand side 
of 

Part (2). The properties of Si follow from ()4.86j) . The estimate ()4.76|1 follows from 
(Pn^ and Lemma 3.5. 

Part (3). We first estimate || w'_ \\2. From ()4.67j) . by using ()3.11|1 . we obtain 
\dt II w'_ II2 I < II H_w'^ II2 < II s_ II3 II Vk+w'j^ lie + II B_ \\q \\ V k+w'^ h 
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+ II V • s_ II2 II < Hoc + II V5i_ II2 II < lloo + II B2- lie II < lis 
from which ()4.77p follows by using the assumptions on Wi, Bq, and the estimate 

We next estimate || xw'_ II2. From ()4.67|) ()3.11|) and the commutation relation 

[x, H+] = Vx+ 

we obtain similarly 

\dt II xw'_ II2 I < II Vk+w'_ II2 + II xH^w'j^ II2 

< II ^K+w'_ II2 + II s- lis II xVk+w'j^ lie + II 5- lie || xV k+w'^^ h 

+ II V ■ s_ II2 II xw\ lloo + t'^ II V5i_ II2 II xw\ lloo + II ^2- lie II xw\ II3 

from which ()4.78j) follows in the same way as before. 

We next estimate || V k+w'_ ||2. Taking the covariant gradient in ()4.67p yields 

idt^K^^ = -{1/2)\/k^^k^w'^ + ((l/2)ir! + Bs+) Vk^. 

+ {dtK+ + K^VK^ + VBs+) w'_ + iK. ■ V],^w'_, + i{VK^) ■ V k+w'^ 
+(V2)(V ■ s.)\/k^w'^ + (V2)(VV ■ s.)w'^ + Bs^yKy+ + (VE^-X 
from which we estimate 



\dt II Va'h.«;^ II2 I < II {dtK+ + V5s+)t/;^ II2 + II i^- ■ Viy. 
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+ II VisT- II2 (II Va'+< lloo + II K^w'^ lloo) + II VV ■ s_ II2 || u^V lU 
+ II V5i_ II2 (t^ II Vi^+< lloo + II < lloo) 

+ II V52_ II2 (II V,,+< II3 + II < lloo) . (4.89) 



We next estimate the first two terms in the right hand side of ()4.89p . 

II {dtK+ + VBs+)w'_ II2 < II dt{s+ + 5o + + V(5o + lU || w'_ h 
+ II dtB2+ + V52+ lie II w'_ II3 < C (11 w'_ II2 + II w'_ lis) , (4.90) 



II K^V\y+ II2 < II s_ II3 ( II lie + II V(s+ + ^2+) lie || < ||o 

+ II s_ II2 ( II K+ lloo II V< lloo + (11 V(5o + 5i+) lloo + II K+ liy II w'^ lloo 
+ II B_ lie ( II VX II3 + II K+ lloo II V< lis + II V(fio + ^1+) lU || < lis 
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+ II V(s+ + ^2+) lie II < lie + II K+ \\l \\ < Ha ) 

< C ((1 - in t) II s_ lis + t-^ (II s- II2 + II V5_ II2)) . (4.91) 

Substituting ()4.90|) ()4.9H) into ()4.89|) and estimating the remaining terms in a similar 
way yields ^Tl^ . 

We finally estimate From (pTHTjl and (j8T8|l (j3T9|l . we obtain 

II V52_ II2 < t/i (11 II2 II Vx+w+ lloo + II s_ II2 II w+ 11^ + II lie II He) , 

II II2 < -^o( ||< X> II2 II Wk+W+ lloo + II S_ II2 II W+ lloo ||< X> W+ lloo 

+ II lie II w+ lie ||< a; > w+ lie ) , 
from which (On|) and (H1?T1) follow. 

□ 

As a first application of Lemma 4.1, we give a uniqueness result for the nonlinear 
system 1)2.411) with initial condition at time zero. That result is a variant of Propo- 
sition 4.2, part (2) of I. 

Proposition 4.2. Let < (3 < I. Let < r < 1, let I = (0, r] and let hi G 
C{I,IR^) be such thathi{t) = {t-^l^ y t-^/^)hi{t) he non decreasing and satisfy 

[' dt' t''%(t') <chi(t) (4.92) 
Jo 

for some c > and for all t G /. Let Bq satisfy 3^) for r = 00 and < 
j, + k < 1. Let {wi,Si,B2i), i = 1,2, be two solutions of the system \^.41^ 
such that Wi G L'^{I,H^), xWi G L'^{I,H'^), tdtWi G L'^{I,H^), B2i G L'^{I,H'^), 
tdtB2i G L°^{I,H^) and tVB2i G L°°{I,H^). Assume m addition that s_(0) = 
and that 

\\<x> w.{t)\\2 <C hi{t) (4.93) 
for all tel. Then {wi, Si, B21) = {w2, S2, -B22)- 

Proof. Note first that ()4.92|) implies ()4.72|) so that Lemma 4.1 can be applied. 
From ()4.76p with k = and mild assumptions on w_, it follows that s^{t) has an 
limit as t — 0, thereby giving a meaning on the assumption s_(0) = 0. Actually 
it follows from KM (O^ that the limit exists in H"^. 
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We first prove the proposition for r sufficiently small by using Lemma 4.1 with 
{w'^,B',,) = iw„B2i). We define 

yo = ||< a; > W- ||2 , yi = \\ ^k+W- II2 , 

yo = Sup hiitr^y^it) . 
t&i 

From Lemma 4.1, especially ()4.74|1 ()4.75|) ()4.7fi|) and from ()4.92j) . we obtain 



II V5i_ II2 < C Fo /ii , (4.94) 

II VSi_ II2 <CYq r^hi , (4.95) 

V^s^ II2 < C Fo r'^/^i + C 6k2 f dt' t'~'yi{t') (4.96) 

Jo 



for alH G / and for k = 0,1,2. The time integral of the last term in (j4.76|) converges 
because of the estimate 

II Vw^ II2 < (II II2 II A«;_ II2)'/' < C(Fo h)'/^ 

and we have replaced the ordinary derivative by the covariant derivative in that 
integral, which produces an innocuous term with Fo^i- On the other hand from 
fjCTHl (ICTll we obtain 

II II2 < CYo t{l - in t)hi + Cth (II V52_ II2) . (4.97) 

From the assumptions on i?2i, it follows that B2- G L'^{I , H^). Using that fact, one 
derives easily from (j4.97j) that 

II Vfi2- II2 < CYo t{l - in t)hi (4.98) 
for alH e / and for r sufficiently small. Substituting that result into ()4.81|) yields 

II V52_ II2 < C Yo{l - in t)hi . (4.99) 
Substituting ^Tm^ (jCTjl into yields 

\dtyi\ < C {Yo{t-^ + t-^^)h, + dt' r\,{t') + t-\YohmY") 

which takes the form 

\dty\ <f + C fdt' t'-'y{t') + gy'/' (4.100) 
Jo 
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with 

yy = Y,y , f = c{t-'+t-'f')h , g = Ct-'h\/' 

We define 



zit) = tdt' t'-\{t') 
Jo 



so that y = tdtz, and 

Fit)= fdt' fit 
Jo 

Integrating ()4.1()()j) over time yields 



y{t) < F{t) + Cj^ dt' r\t - t')y{t') + dt' {gy'/') {f) 
< F{t) + C t zit) + zity/^ (^J^df t'g^t')^^ 

so that 

dtz < t-^F + Cz + gz^/^ (4.101) 
where we have used the estimate 

f'dt' t'g\t') = C t dt' t'-^hiit') < C hi{t) . 
Jo Jo 

From ()4.1()H) and Lemma 2.3 in [H], we obtain 

dt' g{t') + (^^ dt' t'~'F{t' 



z < e^* 



< c[i + t'-'^)h{t) 

by an elementary computation. Substituting that result into ()4.1()H) yields 

yi = CYo{l + t'-'^)h{t) . (4.102) 
Substituting (jCTIl (jCTIl and (jOTl^ into pTTjl ^TT^i yields 

dtyo<CYo{t~^ + t-'+'') h{t) 

and therefore by integration over time 

Yo<CYo {r'-^ + T^) 

which implies that Yq = for r sufficiently small. Together with ()4.98|) . this con- 
cludes the proof in that case. The extension of the proof to the case of general r 
proceeds by similar but more standard arguments. 

□ 
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5 Cauchy problem at time zero for the auxiliary 
system 



In this section, we derive the main technical result of this paper, namely we 
construct solutions of the auxiliary system (j2.4ip with given asymptotic behaviour 
at time zero parametrized by asymptotic functions {wa, Sa, Ba) under assumptions 
of a general nature on those functions. This will be done by solving the auxiliary 
system (j2.54j) for the difference variables (g, G2) with (g, G2) tending to zero at time 
zero, with Gi and a defined by ()2.52j) ()2.53p with (t(0) = 0. The latter system will be 
solved in two steps. We first solve the linearized system ()2.59|) for (g', G'2) with given 
(g, G'2) 5 thereby defining a map V : (g, G2) — > (g', G2). We then prove that the map 
r is a contraction in X{I) for / = (0, r] and r sufficiently small. The Schrodinger 
equation of the linearized system ()2.59p with q' tending to zero at time zero is solved 
by first constructing a solution q'^^ with initial condition q'tgito) = for some small 
to > by the use of Proposition 4.1 and then taking the limit of that solution when 
to tends to zero. The system ()2.59|1 yields G'2 as an explicit function of (g, G2)- 
The general assumptions made on {wa, Sa, Ba) consist of boundedness properties of 
Wa, boundedness properties of (sa, -Ba) and decay properties of the remainders Rj, 
1 < J < 4, defined by ()2.57|1 . which we state below as assumptions (Al) (A2) and 
(A3) respectively. Those assumptions are stated in terms of an interval Iq = (0, tq] 
with < To < 1. 

(Al) Wa satisfies the following properties 

Wae{Cn L°°) (jo, H') , xwa G (C H L°°) (jo, H^) , (5.1) 
t'/^dtWa e{Cn L^) (jo, H^) , t^'^xdtWa G (C H L°°) (jo, H^) . (5.2) 

In order to state (A2), we recall that Ba = Bq + Bia + B2a and Ka = Sa + Ba, 
and that Bas = Bq + B^as + (see (ESDI)). 

(A2) Sa, Ba G C(/o, Hl^) with sufficient additional regularity, and the following esti- 
mates hold for all t E Iq : 

\\ Ka Woo <C{1- in t) , (5.3) 
II dtKa II 00 V II VKa II 00 V t II VdtKa \U < G (5.4) 
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II Woo 

V II VV-Sa lis V II V(i?ia + i?2a) lloo 
V t[ II VdfSa Woo V II VdtV ■ Sa Ws V || V5i(fii, + fi2a) ||oo ) < C r^/^ , (5.5) 

II V5„ Woo V t II V5t5„ lu < c r\ (5.6) 

II 5„s lloo V t II 9^5,5 Hoc < C . (5.7) 

Note that by Lemma 3.7, Bq satisfies the assumptions made on Ba under suitable 
assumptions on (A+, A+). 

(A3) The remainders Rj satisfy the following estimates for all t & Iq : 

(||< X > i?i II2 <) W<x> dtRi;L\{0,t],L^) W <rit-^ h{t) , (5.8) 
(II Vi?i II2 <) II VdtRi;L\{0,t],L^) || < n r^/s ^ (5 9) 

II V'=i?2 II2 < r2 r^-^^ /i(t) for k = 0,1,2 , (5.10) 

II Vi?3 II2 V II V'i?3 II2 V t (11 V9ti?3 II2 V II Vi?3 II2) 

V t^/' II V'i?3 II2 V II V9ti?3 II2 < r3 /i(t) , (5.11) 

II Vi?4 II2 V t (11 V^Ri II2 V II Vati?4 II2 V II Vi?4 II2) 

V (11 V2i?4 II2 V II VdtR4 II2) < n t^'^ hit) (5.12) 
for some positive constants r^, 1 < j < 4, where is defined in Section 3. 

The final result will require the full assumptions (Al) (A2) (A3), but some in- 
termediate ones will need only part of them. The final existence result for (g, G2) 
solution of (j2.54j) will be derived in an interval (0,r] for sufficiently small r. Small- 
ness conditions on r will occur at various stages of the proof and will be called 
asymptotic region conditions. They will eventually depend on {wa-, Sa-, Ba). Some of 
them will be imposed at early stages in order to eliminate terms higher than linear 
in the dynamical variables from the estimates. Others will be imposed at the final 
stage in order to ensure the contraction properties of the map F. 

We first prepare the ground by deriving preliminary estimates of Gi, a, G'2, Hi 
and q'. The assumptions will in general include the assumption (Al), parts of the 
assumption (A2) and some asymptotic region conditions. Whenever [q, G2) occurs, 
it will be assumed to be in Xo(-). A number of estimates will involve expressions 
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of the type q ||*) for some norm of q and we shall assume that norm to decay 
sufficiently fast to make the integral convergent. Such conditions will always be 
satisfied for (g, 0) G X{-). 

We first estimate Gi and a defined by (E3!?|l . 

Lemma 5.1. Let 0</3<l, 0<r<ro and I = (0,r]. Let Wa satisfy (Al) and let 
(g,0) G Xo(/) with 

' \\q-L^{I,H^) II < \\wa]L^{I,H^) \\ 

(5.13) 

^ II xq;L°^{I,H^) \\ < \\ xWa] L°^{I , H^) \\ . 
Then the following estimates hold for allt E I : 

II VGi||2< C Jo (II gib) + II Vi?3||2, (5.14) 

II VGi II2 < C t-' /_i (||< x>q II2) + II Vi?3 II2 , (5.15) 

II V'Gi II2 < C h (II Vg II2) + II V'i?3 II2 , (5.16) 

II V^Gi II2 < C t-' Jo (||< X > Vg II2 + II g II2) + || V'R, h , (5-17) 

II VdtG, II2 < C h (II dtq II2 + t-'/^ II g II3) + II VdtRs h , (5-18) 



WVdtGi ||2< Cr2/_i(||<x>g||2) 

+ C t-' Jo (||< X > dtq II2 + r^/^ ||< a; > ^ + II V9ti?3 II2 , (5.19) 

II V'dta II2 < G t-' (II g II2 + 6k2 \\ Vg h) + t-^" \\ VGi h + II ^=7^2 II2 

(5.20) 

fork = 0,1,2. 

Proof. From (jTTI^ (jTK^ we obtain 

G'i=Fi(PiV0-i?3 



where 



so that 



A^i = —X Re q{2wa + g) 

dtGr = F2 (PSiiVi) - dtR^ , 
Gi = riFo(x-PiVi)-P3 , 

<9tGi = -t-^Fo (x ■ PiVi) + t-'Fi (x ■ PS^iVi) - dtR^ 
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Using ()3.18|) ()3.19p . we estimate successively 

IIVG1II2 < Io{\\N^h) + II Vi?3||2 

< Jo (II q II2 II x{2wa + q) ||oo) + || Vi?3 II2 



VGi II2 < /_i(||< X > iVi 112)+ II 



3 II 2 



< /_i (II xq II2 ||< X > {2wa + q) ||oo) + || Vi?; 



■3 II 2 , 



V^Gi II 2 < /i(|| ViVi II 2) + II V^Rz 



3 II 2 

< h (2 II Vg II2 II x{wa + q) lU + || q h (II + g II3 + 2 || xVwa h)) 

3 II2 , 



+ II V'i?, 



V'Gi II2 < h (||< X > VNi II2) + II V^R: 



■3 I 2 



||< X > VNi II2 < 2 II xVg II2 \\< X > {wa + q) ||oo + || xq \\q ||< x > Vwa Us 
+ II q II2 ||< X > {2wa + q) h , 

II V^iGi ||2< /idl^iiVi II2) + II V9ii?3||2 

< 2/1 (II dtq II2 II x(wa + q) lloo + II q h II lie) + || VdtR^ II2 , 

II VdtGi II2 < I-i (||< X > iVi II2) + lo {\\<x> dtN, II2) + II VdtRs II2 , 

||< X > 9tiVi II2 < 2 II x^tg II2 ||< X > (wa + g) lloo 
+ 2 II xg II3 ||< X > dtWa lie , 

from which (jOIjl - ffOT^ follow by using (Al) and 

Finally (jK?^ follows from (jTT^ (Al) (jOTHl and Lemma 3.5. 

□ 

We next estimate G2 defined by ()2.59p . 

Lemma 5.2. Let 0<(3<1, 0<t<tq and I = (0,r]. Let Wa satisfy (Al). Let 
Ka satisfy \5.!^) and 

II VBa lloo V II dtKa lloo < C (5.21) 
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Let {q,G2) e Xo{I) satisfy and 

II L lloo < C{l-in t) . (5.22) 

Then the following estimates hold for all t E I : 

II VG^ II2 < CthiWq II2 (l-int) + II a II2 + || VG h) + || Vi?4 II2 , (5.23) 

II VG^ II2 < G Jo (||< a; > g II2 (1 - in t) + \\ a h + || VG II2) + || Vi?4 II2 , 

(5.24) 

II V'G'2 II2 < G t /2 (11 Vxg II2 (1 - t) + II g II2 + II VL II2) + II V'i?4 II2 , 

(5.25) 

II V'G'2 II2 < C h[\\<x> VkQ II2 (1 -int) + t-' II q II2 + II VL II2) 



+ II V'i?4 II2 , (5.26) 

II Va^G;, II2 < G Ji (II q II2 (1 - £n t) + II a II2 + || VG h) 

+ G t /2( II dtq II2 (1 -em) + II Vxg II2 t"'/' + t-^ II g II2 + II dta h 

+ ||V9tG||2 +(||fT||2 + II VG ||2)ri/') + \\VdtR4h, (5.27) 



II V^tGa II2 < C Ii[\\<x> dtq h (l-int) + || < a; > Vi^g II2 r^^^ 

+ t-' II g II2 + II dtcr II2 + II VdtG h +(|| a II2 + || VG Ih)^"'/') + || V9ti?4 II2 • 

(5.28) 

Proof. From (E3n|l we obtain 

G'^=t F2{PN2)-R4 (5.29) 

where 

Ar2= ImgV;^(2«;, + g) -L|ti;,|2 (5.30) 

so that 

G'2 = F,{x-PN2)-R4 , 

dtG', = F^iPN^) + t F,{PdtN2) - dtR, , 

dtG'^ = F2 (x ■ PdtN^) - dtR^ . 

Using (j3.18|l we first estimate 

II VG'2 II2 < t/l(|| N2 II2) + II Vi?4 II2 , 
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II N2 h < II q h II Vxi'^Wa + q) lloo + II O- II2 II Wa ||^ + || G \\^ \\ Wa \\l , 
II VG"2||2< /o(||<X>iV2||2) + II Vi?4||2, 

||< a; > iV2 II2 < ||< a; > g II2 || Vx(2ti'a + q) h + || o" II2 ||< x > Wa ||oo || Wa ||oo 

+ II G lie ||< X > Wa lie || Wa lie 

from which ()5.23|) ()5.24j) follow. In order to estimate V^Gg V^G'a "we use the 
identity VPN2 = PN^ or more precisely 



V£ Pi,- N2j = Pij N^jt (5.31) 



where 



A^3j£ = Im (Vii-^g VKj{'2,Wa + q) + VxeC^Wa + q) Vxjq) 

+Fje Re q{2wa + q) - Vi{Lj\wa\^) , (5.32) 

In fact, using the symmetry of the bilinear form P Im wVfcf , we obtain 

V tPij Im uV KjV = Pij Im (uVkjv) 

= Pij Im (Vxeu VxjV + uV Kjv) 

= Pij Im iy Kiu V KjV + iFjiUv + uVxj'^Kev) 

= Pij |lm (Vxeu ^ KjV + V kiv V Kjuj + Fji Re | 

from which ()5.3ip ()5.32p follow. We can then rewrite VG2 as 

VG'2 = t F^{PVN2) - VR4 = t F^iPNs) - VR4 
so that by ^J^i 

II V2G"2||2< t/2(|| iVs II2) + ||V2i?4||2, 

II N3 II2 < 2 II VKq II2 II VKi2wa + q) \\oo 
+ 2(11 VBa lloo II q II2 + II VL II2 II 

q lloo ) II 'iWa + 

q lloo 

+ (II VL II2 II Wa lloo + 2 II L lie II VWa II3) II lloo , 

II V^G'2 h < h (ll< a; > iVs II2) + II V'i?4 II2 , 
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||< X > iVg lb < 2 ||< X > Vxq h II Vx(2u;a + q) lU 

+ 2 (II VBa lloo II q h + II VL II2 II q ||oo) ||< X > {2Wa + g) ||oo 
+ (II VL II2 II lloo + 2 II L lie II VWa lis) ||< X> Wa ||oo , 

from which SFTTF^ SFTmi follow by using (Al) (Q (IK:^ (E:^ . We finally 

estimate VdtG'2 and VdtG'2. For that purpose, we use the identity PdtN2 = PN^ 
with 

iV4 = lm{{dtq)VK{2Wa + q) + {dt{2Wa + q))VKq) 
-{dtK) Re g(2w;, + g) - 9t(L|w;j2) _ 

Using again ()3.18|) ()3.19|) . we estimate 

II VdtG'2 II2 < /l (II N2 II2) + t /2 (II iV4 II2) + II VdtRi h , 

II A^4 II2 < 2 II 9tg II2 II Vxiwa + q) ||oo + 2 || V/^g II2 || dtWa ||oo 
+ (II dtKa lloo II g II2 + II dta II2 II g lloo + II dtG \\q \\ q \\^) \\ 2w 

a ' H II 00 

+ II dtcx II2 II Wa 11^ + II dtG lie || Wa lie 

+ 2 (II O- II2 II Wa lloo + II G lie II Hs) || dfWa ||oo , 

II VdtG'2 II2 < /i (||< X > iV4 II2) + II VdtR4 II2 , 

||< X > A^4 II2 < 2 ||< X > dtq II2 II Vx(Wa + g) ||oo + 2 ||< X > Vxq h II "^tWa lloo 

+ (II dtKa lloo II g II2 + II <9tcr II2 II g lloo + II dtG lie || g Us) ||< a; > {2wa + q) lU 
+ II dto II2 II Wa lloo ||< a; > lloo + II dtG lie || Wa lie ||< a; > w^ He 

+ 2 (II 0- II2 ||< X > Wa lloo + II G lie ||< X > Wa h) II dtWa lloo , 

from which (HTYTI) (TT:^ follow by using (Al) ^^H^ (fCT| (jH^l- 

□ 

We next estimate HiWa with Hi defined by ()2.56|) . 

Lemma 5.3. Let 0</3<l, 0<r<ro and I = (0,r]. Let Wa satisfy (Al). Let 
Ka satisfy / T^) Lei (g, 6*2) e -^o(-?') safe/y / r03|) anc? 

II L lloo V II VL lis < G{l-lnt) (5.33) 
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for all t G I. Then the following estimates hold for all t G I : 

\\<x>HiWah < ^^((Iklls + \\VG\\2)il-int) 

+ II V-(T II2 II VGi II2 + II VGa II2) , (5.34) 

\\< X > HidtWa h < C( II L lloo + ||L||6(l-^nt) 

+ II V • a lis + t^/' II VGi II2 + II VG2 II2 )r'/'(5.35) 

||<x> (S^i/iK II2 < C[{\\dtah + II VS^G ||2)(l-^nt) 

+ ||5tV-a||2 + II V9tGi II2 + II V9tG2 II2 +r'(||a||2 + WVGh)), 

(5.36) 

II ^KHiWa II2 < C( II VL II2 (1 -^ntf + \\V -a II3 (1 - In t) + || VV ■ a II2 
+ t-^ (II a II2 + II VG II2) + II VGi II2 + II VG'2 II2 (1 - t)) , (5.37) 

II VxHidtWa II2 < C[{\\L lU + II VL II3) (1 - £n t) + || VL 1^ (1 - In tf 
+ II V- a II3 (1 -fn t) + II VV -alia + r^lk II2 + II VG II2) 
+ II VGi II2 + II VG2 II2 {I -in t))t-^'^ , (5.38) 

II VK{dtH^)wa II2 < G( II VdtL II2 (1 - in tf + || VdtV ■ a h 
+ t'W\dta\\2 + ||V9tG||2 + II VL II2 (l-£nt)) 
+ t'W\(^h + IIVGII2) + II II2 + II VatG'2 II2 {l-int)). (5.39) 

Proof. 

fjH:!^ and We rewrite Hi defined by as 

Hi = iL- Vk. + (V2)(V ■ a) + (1/2)1^ + Gs ■ (5.40) 
Using ()3.11|) . we estimate 

||< X > HiWa II2 < II Cr lis ||< X > V K^^a He + || G \\q \\< X > V Ka^a h 

+ (11 V • a II2 + II VGi II2) ||< x>Wa lloo + II G2 lie ||< x > Wa lis 
+ II L lloo (II o- lis ||< x> Wa lie + II G lie ||< x > Wa lis) , 
||< X > HidtWa II2 < II L lloo ||< X > VdtWa II2 + II L lie || Ka lloo ||< a; > dtWa h 
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+ (ll V • a lis + II VGi II2) ||< X > dtWa lie + II G2 lie ||< x > dtWa h 

+ II L lloo II L lie ||< X > dtWa lis 
from which S^T^^ follow by using (Al) ((SSI) (ISIS2D- 

()5.36|) . Taking the time derivative of ()5.40p . we obtain 

dtH, = i{dtL) ■ Vk. + {i/2){dtV ■a) + L- (dtK) + (dtGs) • (5.41) 
Using ()3.11|) . we estimate 
||< X > {dtHi)wa II2 < II dto lis ||< X > VKa^a h + II dtG lie ||< x > V Ka^a lis 
+ (11 dtV ■ II2 + t'^ II VSfGi II2) ||< X > Wa lloo + II dtG2 lie ||< x > Wa lis 

+ II dtKa lloo (II <y II2 ||< X>Wa ||oo + || G \\q \\< X > Wa h) 

+ II L lloo (II dta II3 ||< x> Wa lie + || dtG \\e \\< x > Wa h) 
from which (fOn|l follows by using (Al) (Q (fOH|l . 

f|5.37|) and ()5.38|) . Taking the covariant gradient of Hiv, using ()5.40p and the identity 

^kVk. = Vi,,V - iKVk. - i{VKa) (5.42) 

we obtain 

VkHiv = iL ■ VkSv + (z(VL) + KL) ■ V k^v 

+ ((z/2)(V ■ a) + (1/2)L2 + Gs) V kv + (l ■ {VK) + (V2)(VV • a) + (VG,)) . 

(5.43) 

Using ()3.11|) . we estimate 

II VkHiv II2 < II VL II2 (II Vk^v lis + II Vk^v \\^ + || K \\^ \\ Vk^v 

+ II V ■ a II3 II VkV lie + || VV ■ cr y \\ v \\^ 

+ II VL II2 II L lloo ( II Vi^f lis + II V lloo) 

+ II VK„ lloo ( II cr II2 II V lloo + II G lie II V lis) 

+ II VGi II2 (t^/' II Vxt; lie + II V lloo) + II VG2 II2 ( II Vkv h + II ^ lU) • 

(5.44) 
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Applying (lOH) with v = Wa and using (Al) (Q (Q yields (jESZI), while 

fj5.38|) follows from ()5.44|) with t> = dfWa, except for a slightly different estimate of 
the contribution of the first two terms in the right hand side of (|5.43|) . namely 

\\L-VKydtWa h + II {VL)VKA^^a h 

< II L lloo II "VxydtWa II2 + II VL II3 II VxadtWa lie • 

f|5.39|) . Taking the covariant gradient of {dtHi)v, using ()5.4H) ()5.42p . we obtain 
VK{^tH^)v = i{dtL) ■ VKyv + (i{VdtL) + K{dtL)) ■ V kv 

[{i/2){dtV ■a) + L- (dtK) + {dtGs)) V kv 
+ [{i/2){Vdy ■ a) + {dtL) ■ (VK,) + (VL) ■ (dtK) + L{VdtK) + (VdtGs)) v . 
Using (|3.11|) . we estimate 

II VK{dtHi)v II2 < II VdtL II2 (II Vxa^v II3 + || 

^ Ka^ Woo 

+ II K lloo II V/<„i' lis) 

+ II dtV ■ a II2 II VkV lloo + II V9tV ■ a {{2 \\ v ||oo 
+ II V/^a lloo (II dtd II2 II V lloo + II dtG lie || v Us) 

+ II dtKa lloo II VL II2 (II Vi^f lis + II V lloo) 

+ II VdtKa lloo ( II cr II2 II lloo + || G He II V II3) 
+ II VdtL II2 ( II L lloo II Vkv lis + (II VL II3 + || L \\^) \\ v \\^ ) 
+ II VStGi II2 (ff^ II Vx^^ lloo + II V lloo) + II VdtG2 h (II V^t; Us + || v \\^) 



from which (j5.39p follows by substituting Wa for v and using (Al) (j5.3|) (j5.4|) (j5.33|) . 

□ 

We next estimate the solutions q' of the Schrodinger equation in ()2.59|) . That 
equation is of the type of ()4.H) with v = q' , V = Bs and /o = — -Ri. The new esti- 
mates are extensions and refinements of those derived for in the proof of Proposi- 
tion 4.1, starting from the conservation laws in differential form ()4.35|) ()4.38|) ()4.42p . 
but we shall now take into account the asymptotic behaviour at time zero, which 
was not considered in the latter proof. In addition, we shall also estimate xq' and 
xdtq' from the analogues of the conservation laws ()4.8|) ()4.9|) . The estimates are 
written in differential form for brevity, but should be understood in integral form 
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like the conservation laws (jOl) (Q (Q and (gH) 

Lemma 5.4. Lei 0</9<l, 0<r<ro anc? / = (0,r]. Lei {Wa,Ka) satisfy (Al) 
(A2) and let Bq satisfy / TO^) /or < j, A; < 1 and r = oo. Let {q,G2) G Xo{I) 
satisfy \5.1'J\j and \5.3'Jji and in addition 

II VGs h < C t-'/' , (5.45) 

II VdtL II2 V II VGs lie < C r^/^ , (5.46) 

II VdtV ■ a II2 V II VdtGs II2 < G t-^/^ (5.47) 

/or all t E I. Let q' with (g', 0) G Xo(/) 6e a solution of the Schrddinger equation 
in \2. 59\) . satisfying the conservation laws (|^.3| ) Then the 

following estimates hold for allt^I : 

\dt II q' II2I < II Ri h , (5.48) 

\dt II xq' II2I < II V^g' II2 + II xRi II2 , (5.49) 

\dt II dtq' II2I < C [t-' II Vi,g' II2 + II V;,g' ^ + t'''/^ \\ q' h) + || dtRi \\ , 

(5.50) 

\dt II II2I < II VKdtq' II2 + C(t-^ II xVKq' h + II Kq' h 

+ it"^^' II xq' II2 ) + II xdtRi II2 , (5.51) 

\dt II Vi,9tg' II2I < G{t-^ (II ^ + || VU h) 
t-'" (II d,q' II3 + II V^g' II3 + II V;,g' |U) + t'^'^ \\ V Kq' h 
+ t~^'^ II Hoc + t-^ II g' II2 ) + &o II V^g' II2 + II WKdtRi II2 , (5.52) 

||< X > Axq II2 < ||< a; > dtq' II2 + C* t""^/^ ||< x > q' II2 + ||< x > ^1 II2 , 

(5.53) 

II ^K^Kq' II2 < II VKdtq' II2 + G (rl/2 II y^^/ 11^ ^ ^-1 II ^/ 11^^ ^ II y^j^^ ||^ _ 

(5.54) 

Proof. Before starting the proof, we remark that the conditions ()5.45j] - ()5.47j) will 
eventually become asymptotic region conditions, namely upper bounds on r (see 
fl5.76p below). On the other hand under the regularity assumption (g', 0) G Xq{I), 
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all the conservation laws are satisfied except possibly ()4.4|) . thereby making the 
assumption on q' partly redundant. 

We now begin the proof. The estimate (j5.48|) follows immediately from (|2.59|) . 
From the commutation relation 

[x,H]=Vk (5.55) 

it follows that q' satisfies the equation 

idtxq' = V K<l' + Hxq' — xRi (5.56) 

from which ()5.49p follows immediately. 

We next estimate dtq'. Taking the time derivative of the first equation of (j2.59p 
yields 

idtdtq' = Hdtq' + {dtH)q' - dtRi (5.57) 



with 



so that 



dtH = i{dtK) ■ Vk + {i/2){dtV ■ s) + dtBs (5.5J 
\dt II dtq' U < II {dtH)q' h + II dtRi h , 



II {dtH)q' h < II dtK, lU II ^Kq h + || d^L \\, \\ Vkq' h 
+ (ll dtV ■ Sa lloo + II dtBas ||oo) || Q h + (|| OfV ■ o- lie + II dtGs He) || q' h > 

from which (j5.5(J|) follows by the use of (A2) (j5.46|) (j5.47|) and a covariant Sobolev 
inequality. 

We next estimate xdtq'. From ()5.55|) ()5.57|) we obtain 

idtxdtq' = Vxdtq' + Hxdtq' + x{dtH)q' - xdtRi (5.59) 

so that 

dt II xdtq' h < II ^^Kdtq' h + II x{dtH)q' ^ + || xdtRi h 

from which (j5.51|) follows by the same estimates as before, with V kQ' and q' replaced 
by xV kQ.' and xq' respectively. 

We next estimate V xdtq' ■ Taking the covariant gradient of ()5.57p yields 



idtVKdtq' = [dtK + VBs)dtq'-{l/2)VK^Kdtq' + BsVKdtq' 

+ \/KidtH)q' - WKdtRi (5.60) 
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so that 

dt II VKdtq' h < II {m + VBs) dtq' h + \\ VK{dtH)q' h + \\ V KdtRi h 

(5.61) 

with 

VK{dtH)q' = t{dtK)-Vlq'+{t{VdtK) + {i/2){dtV-s) + {dtBs))-VKq' 
+ ({t/2)iVdtV-s) + {VdtBs))q . 



We estimate the various terms of ()5.6H) successively. 

II {dtK + VBs)dtq' h <\\ dtKa + VB,s lU || dtq' h 
+ II dtL + VGs lie II dtq' h < C (r^ || dtq' h + t''^' II dtq' b) , 



{dtK)Vlq' h<C (r^ II Vlq' h + t~"' II Vk' 



\\{VdtK)VKq'h + \\{dtV-s)VKq'\\2 + \\{dtBs)VKq'h 

< (II vSiirju + ll^iV- 

II oo + II dtBaS II oo) II VA-g' II 2 

+ II VdtL II2 II Vxg' lloo + (II dtV ■ a lie + II dtGs lie) II V^^g' 
< (60 1-^ + C II Vxg II2 + C t-^-l^ II Vxg' lU , 
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II (V9iV-s)g' II2 + II (V9i55)g' II2 
< II Va^V • lis II g' lie + || ^dtBas lU || g' II2 
+ (II V9iV-a||2 + II V^Alb) II g' lloo 



< c(t-^/^||g'||oo +t-'l|g'll2, 

by (A2) and ()5.46p ()5.47p . and by ehminating some intermediate norms of V^-g' and 
g' by the Holder inequality. Note also that in the contribution of '^dtKa ■ Vxq', 
the decay comes only from Bq, so that the corresponding term appears with 
a coefficient 60 instead of a more general constant C. Substituting the previous 
estimates into ()5.6H) yields ()5.52p . 

We next estimate < x > Axq' and Vx^Kq'- From ()2.59|) we obtain immediately 

||< X > Axq' II2 < ||< X > dtq' II2 + || Bs ||oo ||< x > q' y + ||< x > ^1 y , 
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II ^K^Kq h < II ^Kdtq' h + II Bs Hoc II Vi^g' h + || {VBs)q h + || V kRi h ■ 
Now 

II (V55)g' II2 < II VBas Hoc II q' h + II VGcj) II3 II g' lie 

< c{t-'\\q'h + II II2) . 

by (A2) This implies (|K3!^ (1^3^) . 

□ 

In order to estimate q', we shall need in addition some estimates relating co- 
variant and noncovariant derivatives. The following lemma holds pointwise in time 
and does not require other assumption than finiteness of the norms occurring in the 
estimates. 

Lemma 5.5. We define 

^=II^IIL + II V- a 11^ + ||V-sJ|oo + II V- a lis, (5.62) 
^=II^IIL + l|VL||2 + llVirJIoo . (5.63) 

Then the following estimates hold : 

\\< X > Vkv lis < ||< X > S/v Wl'"^ (||< X > At; II2 + || Vv Ha)^^^ 

+ II K lloo \\<x>v (||< x>Vv II2 + II V II2)'/' , (5.64) 

II Vkv Hoc < II VAi; 11^/' (II At; II2 + || K \\^ \\ v , (5.65) 

||< X > AkV \\r < ||< X > Av \\r + m || < X > f ||r. , (5.66) 
||< X > Av \\r < ||< X > AkV \\r + m ||< X > f ||r , (5.67) 

II V^-t; llr < II Av \\r + m II f \\r (5.68) 

for 2 < r < 3, 

II VA'y II2 < II VkAkV II2 + (II VV • Sa h + II lloo) || Vv h 

+ (II K \\l + II VL \\l + II K lU II VKa lloo + II VV • a II V II2 . (5.69) 

Proof. The proof uses Holder and Sobolev inequalities. 
()5.64|) . We estimate 

||< X > Vkv II3 < ||< X > Vv lis + II K lloo ||< X > t; Ha , 
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|< X > Vf lis < ||< X > Vf (||< x> /\v II2 + II Vv 11-^^/^ 
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||< X > f II3 < ||< X > ||2^^ (||< X > Vf II2 + II V 112)^^^ , 
from which ()5.64p follows. 

()5.(j5|l . We estimate similarly 

II ^kv IIoo < II Vt; lloo + II -f^ II 00 II II 00 ; 
II Vt; lloo < II VAf 112^^ II , 

II V lloo < II VAf ||2^^ II V ||2^^ , 

from which ()5.65|) follows. 

()5.(j(j|l ()5.(j7|l . We expand and estimate 

Akv = Av- 2iK ■ Vv - z(V ■ K)v - K'^v , 

I ||< X > AkV \\r — ||< X > Av \\r\ < \\ K ||oo ||< X > Vv \\r 

+ II V • L lis ||< X > II,, + (11 V ■ Ka lloo + II K ||< x > ||, (5.70) 
with 2 < r < 3 and l/ri = l/r — 1/3. We next estimate 

||< X > t; ||r, V ||< X > Vv \\r < ||< X > II, + ||< X > w liy^ ||< X > Av 

so that ()5.70|) can be continued as 

■ ■ ■ < (II lloo + II V ■ L lis) ||< X > i; liy^ ||< X > At; 



(II V-L||3 + II V-irJIoo + \\K 



< X > f 



from which ()5.66|) ()5.67p follow by elementary algebraic manipulations. 



()5.(j8|l . We expand and estimate similarly 

V^t; = V^v - 2iKVv - i(yK)v - K^v , 
II V^w II, < II Av II, + II K lloo II Vv II, + II VL II3 II 



(II lloo + II K 



1 00 



55 



V 



from which ()5.68|) follows by the same computation as before. 

f|5.69p . We expand and estimate similarly 

Vk^kv = (V - iK) [A-2iK -V - i(V ■ K) - 

= VAv - iKAv - 2iK ■ V^v - 2i{yK) ■ Vv - 2K'^ ■ Vv - iiy ■ K)Vv 
-i(VV • K)v - K{V ■ K)v - K^Vv - 2K ■ {VK)v + iK^v , 
II Vk-Akv - VAv II2 < 3\\ K lloo II Av y + 3 || {VK)Vv y 
+ 3\\K \\l II Vv II2 + II {VV-K)v II2 +3\\K lloo II {VK)v h + \\ K \\ v h 
< (II K lloo + II VL II3) II Av II2 + II K lloo (II K lU + II VL Us) || Vv h 
+ II Hoc II Vi; II2 + II VV • Ka h II Vi; II2 + || VV ■ L II2 || v lU 
+ II K W'i^ II V II2 + II K lloo II VK„ lloo II V II2 . 

Now, 

II Av II2 < II VAv f/^ II V , 
II Vv II2 < II VAv II V , 
II V lloo < II VAv llf II V llf . 
The previous estimates imply ()5.fj9j) by elementary algebraic manipulations. 

□ 

From now on we shall work with (g, G2) in a bounded set of X{I) for / = (0, r], 
so that (g, G2) satisfies 

\\<x> q{t) y <Yo h{t) , (5.71) 
||< X > dtqit) II2 V ||< X > Aqit) II2 < Y2 hit) , (5.72) 
II VdtQit) II2 V II VAq{t) II2 < F3 /,(t) , (5.73) 

II VG2(t) II2 V t(|| V'G2(t) II2 V II VdtG2{t) II2 V II VG'2(t) II2) 

V (11 V'G'2(t) II2 V II VdtG2it) II2) < Z t^'^ hit) (5.74) 

for some constants Iq) ^2, ^3? Z and for all t & I, with /i defined in Section 3. Note 
that from 

\\<x> q II2 < / dt' \\< X > dtq h 
Jo 
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it follows that Iq < ^2- It follows also from (IKTT|l - (IK7!?ll that 

||< X > Vg(t) II2 V ||< X > q{t) II2 < Yi r^'^ h{t) (5.75) 

for some constant Yi < ^2- 

For (g, G2) satisfying ()5.7H) - ()5.74p . the estimates of Lemmas 5.1-3 imply esti- 
mates of Gi, a, G'2 and Hi in terms of Y^, < j < 3, and Z. 

Furthermore, the asymptotic region conditions (|5.33|) (|5.45|) - (j5.47j) can be ex- 
pressed in terms of 1^, < j < 3, and Z, and the integrals Ij occurring in Lemmas 
5.1-3 are convergent. We collect the estimates thereby obtained in the following 
lemma. 

Lemma 5.6. Let 1/4 < (3 < 3/4, let Q < t < tq and I = (0,r]. Let Wa, Ka and 
the remainders satisfy the assumptions (Al) (A2) (A. 3). Let (5,6^2) G X{I) satisfy 
the conditions \5. 7i| )- |5. 74^ , and let r he sufficiently small so that \5.1^) holds and 
that 

{Y2 + r^)h<e'^ M-^'^+^^ , Zh<e'^ (5.76) 
for all t E I , where = r2 + r^. Then the following estimates hold for allt E I : 

II VGi II2 V t II VGi II2 < C (Yo + rs) , (5.77) 

II V'Gi II2 V t II V'Gi II2 < C (Fi + rg) t"'/' h , (5.78) 

II V9tGi II2 V t II VStGi II2 < C7 (F2 + rs) h , (5.79) 

II VV II2 V t II V'^ata II2 < C7 (Fo + rs) r'^'' h fork = 0,1, (5.80) 

II VV II2 V t II \/'^dtO II2 < C7 (Fi + rs) h , (5.81) 

II VG;, II2 V t II VG;, II2 < {C ((Fo + r5)t^/^(l - £n t) + Zt) + t^/^ /i , (5.82) 

II V'G^ II2 V t II II2 < {G ((Fi + r5)t^/' + Zt^) + t''^^ h , (5.83) 

II VdtG'2 II 2 V t II V9tG'2 II 2 < {C ((F2 + r5)t'/'(l -int) + Zt) + r^} t'^/^ h , 

(5.84) 

\\<x>HiWa II2 <C{{Yo + r,){t-^ + t-'+^) + Z t-'/^}h , (5.85) 

||< X > Hidtwa II2 < c{(Fi + r5)(r 3^/2 + r 1+^/2) + z ^ (g gg) 

||<x> (S^i/Ow;, II2 <c{(r2 + r5)(t-^ + r'+^) + zri/2}ri /i , (5.87) 

II "^xHiWa II2 < C {(Fi + r5)(r2/5 + r^) + Z - £n t)} /i , (5.88) 
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II VxHidtWa h <C[{Yi + r5)(t-2^ + r^) + Z r^^'^il - in t)} r^/^ h , (5.89) 
II VK{dtH,)wa h < C {{Y2 + r5)(r'^ + r') + Z t-'/^{l - in t)} h . (5.90) 

Proof. The estimates ()5.77p - ()5.90|) are obtained by substituting the bounds ()5.71|) - 
(|5.74p on (g, G2) into the estimates of Lemmas 5.1-3. Substituting (j5.74p and (j5.77p - 
(j5.8ip into (|5.33|) (j5.45|) - (j5.47|) then shows that the latter conditions follow from 

□ 

We now turn to the construction of solutions (g', G'2) of the linearized system 
()2.59|) . We consider (5,(^2) belonging to a bounded set of X((0,r]), defined by 
dSmj-dSITll) for some r, < r < tq. We shall deal with solutions (g', G'2) of the 
system (j2.59|) defined in an interval I = [to, T]n(0, r] for some to with < < r. We 
shall need to estimate (^',^2) -^i^) ^i-nd for that purpose we define the relevant 
norms 

Fq = Sup h{t)-^ \\<x> q\t) II2 , (5.91) 

= Sup t h{t)-^ (||< X > dtq'it) II2 V ||< a; > Ag'(t) II2) , (5.92) 
tei 

Yl = Sup ^3/2 h(tyi Vdtq'{t) II2 V || VAg'(t) II2) , (5.93) 

Z' = Sup r'/^ h{t)-^ II VG"2(t) II2 V t( II V'G"2(t) II2 V II VdtG'^it) h 
tei ^ ^ 

V II VG^(t) II2 ) V (11 V'G'^(t) II2 V II VdtG'^it) II2) } . (5.94) 
For technical reasons, we shall also need the following auxiliary norms : 

Y; = Sup h{t)-^ \\<x> Wq'it) II2 , (5.95) 

Y[ = Sup h{t)-^ \\<x> VKq'{t) II2 , (5.96) 
tei 

Y' = Sup t^/^ /i(t)-i ||< X > Vxg'(t) lis , (5.97) 

yg'/s = Sup /i(t)-i II q'it) lU , (5.98) 

Fat = Sup t h{t)-^ \\<x> dtq'it) y , (5.99) 
tei 

= Sup t h{ty^ \\<x> AKq'it) II2 , (5.100) 

tei 
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Y' — Y' \/ Y' 

Y!l = Yl,y Sup t hit)-' II Vlq\t) h , 
tei 

%^ = Sup t^/^ h{t)-' (II dtq' h V II VkQ Hoc V II Vj,q' h 
tei ^ 

f3',= Sup ^3/2 h(^tyi II ^^dtq\t) h , 

= Sup t3/2 II V;,A^g'(t) II2 , 

tei 

n = % V % . 

We shall also need the following norms of Ri = Ri — HiWa : 



A^o = Sup h{t)-^ I dt' \\<x> Ri{t') II2 
te{o,T] JO 

N2 = Sup t h{t)-^ f dt' \\<x> dtRiit') I 

tG{0,r] "'O 
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iV3= Sup t'/' /i(t)-^(|| Vi^i?i(t) II2 V f dt'\\VKdtRi{t')h\ 

tG{0,T] I "'0 J 

The A^i, i = 0, 2, 3 are finite and are estimated in the following lemma. 



5.101) 
5.102) 

5.103) 

5.104) 

5.105) 

5.106) 

5.107) 

5.108) 
5.109) 



Lemma 5.7. Let the assumptions of Lemma 5.6 he satisfied. Then the following 
estimates hold : 

iVo < A^s < ri + C {(1^2 + r^){r^-^ + r") + Z r^/^ j ^ (g ng) 

A^3 < ri (1 + C t'/\1 - in r)) + C {{Y^ + r,){T^/^-^'' + r'/^) + Z r{l - in 



(5.111) 

Proof. The contribution of HiWa is estimated by Lemma 5.6, especially (j5.85p - 
()5.90|) . under the condition j3 < 3/4. The contribution of Ri is estimated by the 
assumption (A3), especially ()5.8|) ()5.9|) . except for the contribution of K to V xdiRi 
in A"3. That contribution is estimated by 

f dt' II KdtRi{t') \\2<C f dt'{l - in t') II dtRi{t') II2 
Jo Jo 

00 „ 

<CJ2 dt'i^ - t') II dtRiit') II2 

,_r, Jli 



3=0 
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where Ij = [t2-^^+'^\t2-^], 

<CriJ2{l-int+{3 + l)en 2) 2^ h{t 2'^) 
j 

< C ri ^ (1 - £n t + (j + l)en 2) t^^^ 2'^^^ h{t 2~^) 

j 

<C ri t-^ h{t) ^ (1 - £n t + (j + l)£n 2) 2'^/^ 
j 

< C ri{l-in t)r^ hit) 
which completes the proof of (jS.llip . 

□ 

We can now state the existence resuh of solutions of the linearized system ()2.59p . 

Proposition 5.1. Let 1/4 < (3 < 3/4, let < t < tq and I = (0, r]. Let Wa, Ka 

and the remainders satisfy the assumptions (Al) (A2) (A3) and let Bq satisfy A3.3^) 
for < j, k < 1 and r = oo. Let (g, G2) G satisfying the bounds \5. 71^ - [5. IJ^ . 

Then, for r sufficiently small, there exists a unique solution [q', G'2) of the system 
\2.59jl in X{I), and that solution is estimated in the norms Y^, Y2, Y^, Z' defined 
by by 

Y^ <No + N2T + N^T^/^ , (5.112) 

F2' <N2 + N^'^ + C Nqt^'^ , (5.113) 

<N3 + boiNoN^y^^ + C Nqt^/^ + C N^T^'^l - in r) , (5.114) 

Z' <C ((F2 + r5)r^/2(l - £n r) + Zr) + . (5.115) 

Proof. The existence of G'2 defined in the same interval as (g, G'2) and the estimate 
()5.115j) follow from the explicit expression in ()2.59|1 . from the estimates ()5.82|1 - ()5.84|1 
of Lemma 5.6 and from the definition ()5.94|) of Z' . 

We now consider the case of g'. We first take r sufficiently small to satisfy the 
conditions ()5.13|1 and ()5.76j) of Lemma 5.6. Let < to < t and let cl^^ be the solution 
of the Schrodinger equation in ()2.59j) with initial condition ^(^(to) = obtained by 
Proposition 4.1. We shall construct g' as the limit of g^^^ as to tends to zero and for 
that purpose we need estimates of g^^^ in X(J) with J = [to, t] that are uniform in to. 
Those estimates make an essential use of Lemmas 5.4 and 5.5. In all the computation 
we omit the subscript to for brevity and we use the definitions ()5.9H) - ()5.106|) with 
/= [to,r]. 
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We integrate successively ()5.48|) - ()5.52|) in [to,^]- Integrating ()5.48|) ()5.49p yields 

\\<x> q'{t) II 2 < Y[ f dt' t''^'"^ hit') + f dt' \\<x> Ri{t') II 2 

Jto Jto 

so that 

Yq<Y;t^/^ + No . (5.116) 
Integrating dSIHl) with dtq'ito) = iRiito) yields 

ll< X > 1I2 < {% + c(Y-; + 1^3% + rj)) £ rf^' f'"' Kf) 

+ ||< X > ^i(to) II2 + / dt' \\< X > dtRiit') \\2 

Jto 

so that 

Yit < % + c {y[ + n'/, + rj) r^/^ + iV2 . 

Finally integrating ()5.52|) yields 

II VKdtq'it) II2 < 60 Yi f dt' t'-'^^ h{t') 

+c (k," + n'/2 + yi + nil + ^0) /* t'~' m 

+ II Vxi?i(to) II2 + f'dt' \\VKdtRi{t')\\2 

Jto 

SO that 

% < bo Y; + C (n' + n'/2 + n + y3/2 + r^'' + . 
From ()5.53|) ()5.54|) . we then obtain 

< yit + c Yy/^ + iVo , 

< + C (Yi + Fo') r^/^ + N, , 

so that Y2 and K^' satisfy the same estimates as 1^2'* 5 ^3*5 namely 

n < % + C [Yi + F3% + Fo') + , (5.117) 
F3' = 60 Y[ + C + n% + n + F3/2 + y^) + ^3 • (5.118) 

The next step consists in eliminating the covariant derivatives in ()5.116|) ()5.117|) 
()5.118p by using the assumption (A2), Sobolev inequalities and Lemma 5.5. We first 
estimate 

Yi <Yi + C FJ 7-1^^(1 - t) (5.119) 
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so that ()5.116|) implies 

< Y; r^/^ + C Fq r{l - In t) + Nq . (5.120) 
We next consider (j5.117p . We estimate 

% <Y;,+C Yi r''\l -inr), (5.121) 



Yin < (n in + Y; rV^))''' + C in (y; + n r'^'))"'" r^'\l - in r) 



3/2 

< (F/Fa')'^' + C {y[ + rj ^'/') r^'\^ - in t) , (5.122) 

while 

F2 < + C r(l - £n r)2 (5.123) 

by (Unrrf) with r = 2 and m < C(l - £n rf. Substituting (pnTT)|) (nrnT|) (HTT^ 
into ()5.117p and substituting the result into ()5.123|) yields 

K,' < 1^3' + C (r^' r(l - £n r) + ((F/^)'^' + Y[ + Fq') t'/') + ■ (5.124) 

We next consider (|5.118|) . We estimate successively 

Y^<Y!,^CYl, (5.125) 

by (liniHIl with 

m<h^t-^ r^l'^ <C , (5.126) 
II lis < (nn')'^' i"'/' M^) , 

II vw Hoc < ((r2%')'^' + c(F/ + r2')^'/'(i-^^^))^~'/' m , 

II V^g' II3 < ((nnO^/^ + C (F/ + Yi)\ t-^l' h{t) , 



by (jO^ with r = 3 and (jKT^ . so that 

%I2 < iY^Yifl' + C [Yi T^l\l -inT) + Y[ + Y^) (5.127) 

and finally 

n/2<(n%')'^'<n + >^2 • (5.128) 
Substituting (IKT^ (IK:T77I) (IK:T^ into (IKTOI) yields 

n < bo Y[ + C ((K,%')'^' + >^2 + Y[ + ro'(l - in r)) r^^ + iVg . (5.129) 
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Using (ICTl S^rPM\ (A2) (IKTHl) we next estimate 

<n + C {Yi + rj) r^/\l -inr)^ {bo + C r^^) y/ 
which together with (j5.1!29j) yields 

n < bo Y; + C ((F^'n')'^' + (>^2 + Yo) (1 - r) + F/) r^^ + N, . (5.130) 

We next simphfy the resuhing inequahties (j5.12(jp (j5.124p (|5.13(J|) by using the in- 
equahty Y( < (FQFg)^^^ to ehminate Y"/, the obvious inequahty Fq < Fg some 
harmless places, smallness conditions of the type Cr(l — in r) < 1 to eliminate 
the diagonal terms in FJ and F2 in ()5.120j) ()5.124j) . and some elementary algebraic 
manipulations. We obtain 

Y^<Y^T + No, (5.131) 
F,' < F3' r^/^ + ^yj ^1/2 ^ ^ ^5_;L32) 

F3' < bo{Y^^y/^ + CY^ r^/\l -inT) + N3 . (5.133) 

Substituting (I5.131|) (15.1331) into (15.1321) yields 

F2' < 60 (NqY^)'^^ + CF2V(1 -enT) + N3 r^/^ + iVo r^/^' 
+C F2 r^/^ + Ar2 

which yields ()5.113|1 under an additional smallness condition on r. Substituting 
fSFTim into SFTim yields (IKTT^ (imij) . 

We have derived the estimates ()5.112|) ()5.113|) ()5.114p for the solution in the 
interval [to?'*"]- We now take the limit of that solution when to tends to zero. Let 
< to < ti < T. From the conservation of the norm for the difference of two 
solutions, it follows that 

II QtSt) - <(t) II2 = II q'Jh) II2 < C hih) (5.134) 

where C is the right hand side of ()5.112j) . Let now / = (0, r]. It follows from ()5.134|1 
that g^i^ converges in L^^(/, L^) to a limit q' G C{I,L'^). From that convergence 
and from the uniform estimates (j5.112jl - (j5.114|) it follows that q' G C(/, H^) H (L°° fl 
Cw){I, H^) for < < 3, and that q[^ converges to q' in L'^^i^, H^) norm and weakly 
in pointwise in time. Similar properties hold for xq' . From the Schrodinger 
equation in ()2.59p and the previous convergence, it follows that dtq't^^ converges to 
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dtq' in L^^(/,L2). From that convergence and from the uniform bounds ()5.113|) 
fjHmjl it follows that dtq' G C{I,H^) n n C^){I,H^) for < fc' < 1 and that 
dtq[^ converges to dtq' in L'^J^I, H^) norm and weakly in pointwise in time. 
Similar properties hold for xdtq' . From the previous convergences and from the 
uniform estimates ()5.112|) - ()5.114j) . it follows that q' satisfies the same estimates in 
I. Clearly q' is a solution of the Schrodinger equation in ()2.59p . Finally by the 
uniqueness part of Proposition 4.1, q' coincides with the solution obtained from 
that proposition with initial data q'(t) for some (any) t G /, and therefore enjoys all 
the properties obtained in that proposition, so that (g', 0) G X{I). 

□ 

We can now derive the main result of this section, namely the existence of solu- 
tions of the non linear system ()2.54|) . 

Proposition 5.2. Let 1/4 < jS < 3/4. Let Wa, Ka and the remainders satisfy 
the assumptions (Al) (A2) (A3) and let Bq satisfy / TO^) for < j. A; < 1 and 
r = oo. Then there exists t, < t < Tq, and there exists a unique solution 
(g, 6*2) G X((0,r]) of the system Ii2.54\ )- In particular (g, 6*2) satisfies the estimates 



(|5. 71]) - US. 74]) for some constants Yq, Y2, I3 and Z depending on {3, on Wa, Ka and 
on the remainders through the norms occuring in the assumptions (Al) (A2) (A3). 
The solution (g, G2) is unique under the assumption that (g, 6*2) G -^o(-^) where 
I = (0,r], and that (g, G2) satisfy the following conditions : 

q G L°°{I,H^) , xq G L'^^I^H^) , tdtq G L'^{I,H^) , 

VG2 G L°°(I,H') , tVdtG2 G L°°{I,L') , tV^G2 G L^{I,L^) , 
||< X > g(t) II2 < C hi{t) 
for all t & I, for some hi satisfying the conditions of Proposition 4-2. 



Proof. Let < t < tq and / = (0,r]. For r sufficiently small. Proposition 5.1 
defines a map F : (g, G2) — > (g', G'2) from X{I) into itself. We now show that for r 
sufficiently small, the map F is a contraction on the subset TZ of X{L) defined by 
()5.71|) - ()5.74|) for a suitable choice of Yq, Y2, I3 and Z, in the norms associated with 
Lemma 4.1. 

We first ensure that TZ is stable under F. From Proposition 5.1, especially ()5.112|) - 
(15.1151) and from Lemma 5.7, especially (I5.11()|) (j5.111|) . it follows that Fq', ^2, ^3 
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and Z' defined by satisfy 

< c ri + o(r; ^2, ^) (5.135) 

F2' < c ri + o(r; 1^2, ^) (5.136) 

F3'<cri(l + 6o) + o(r;F2,^) (5.137) 

Z' <r^^o{r;Y2,Z) (5.138) 

where c is an absolute constant which was omitted in the previous estimates and 
which we reintroduce for the sake of the present argument, and where o(r; ¥2, .Z') 
denotes a function of r, I2, 2' increasing in 1^2, and tending to zero as a power of 
r when r tends to zero. We now choose 

Fo = F2 = 2cri , F3 = 2cri(l + 6o) , Z = 1r^ (5.139) 

and we take r sufficiently small so that o{T;2cri,2r4) < cri in ()5.135p - ()5.137|) and 
o(r; 2cri, 2r4) < r4 in ()5.138p . This ensures that TZ is stable under F. 

We next show that F is a contraction on TZ for the norms occurring in Lemma 
4.1, namely the norms of < a; > g, Vg, VG'2 and VG2. Let {qi,G2i) G TZ, 
i = 1,2, and let {q^, G^i), i = 1,2, be their images under F. We define (g±, G2±) and 
(g±, G2±) by /-t = (l/2)(/i ± /2), so that in particular all those quantities belong to 
TZ. We define the norms 

Fo- = Sup h{tY^ \\< X > q_{t) II2 , (5.140) 

tei 

Yx- = Sup t^/^ h{t)-^ II Vg-(t) II2 , (5.141) 

tei 

Z_ = Sup r^/^ /|| vG'2-(t) II2 V t II VG'2-(t) II2) , (5.142) 

te/ ^ 

and similarly for the primed quantities, and we estimate Yq_, Y(_, Z'_ in terms of 
Yo_, Yi_, Z_ by Lemma 4.1 with (iy_, s_, -B2-) = (?-, cr_, ^2-), 
{w+,Bi+,s^,B2+) = {wa,Bia,Sa,B2a) + iq+, Gi+, a+, G2+) and similarly for the 
primed quantities. Note that the proof of Lemma 4.1 has to be slightly modified 
for the present application since i?2a does not satisfy the assumptions on B2 made 
in that Lemma. It suffices to separate B2+ = B2a + G2+ in ()4.90|) ()4.91|) and to 
estimate i?2a in the same way as Omitting the subscript — in Yq-, ^i-, ^- 

and in Yq_, Y(_, Z'_ for brevity, we obtain from Lemma 4.1 

II VGi^ \\2<CYoh, 
II VGi_ II2 <Gt-'Yoh, 

II W_ II2 < C (Fo t-''" + 5k,2 Yi h for A; = 0, 1, 2 , 
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dt II C hi <c (Fo (t-^ + + z h , 



(5.143) 



dt II xg^ II2 < [Yl r^'^ + C ro'(l - t)) h 

+c fro [t-^ + + z r"^) h 



(5.144) 



^HlVx+g^lhl < c{Ylt-' + {Y^Yif'^t-'>/' + Yo{t-' + t-^^] 

+Yi r^/^ + Z r^/^il - in t))h . (5.145) 



Integrating ()5.14Hj) - ()5.145|l over time and estimating G"2_ by Lemma 4.1, especially 
prsnll (HSU, we obtain 



rj < r^/^ + C (Fo' r(l -inT)+ Yo (r^"^ + r'^) + Z r 



1/2 



(5.146) 



Y; < C{y^ r'/\l -inT) + {Y^Ylf r^l^ + Fq r^/^ (l + r^-^/^) 

+ri r + Z r(l -£n r)) , (5.147) 



Z' <C (Fo r^/^(l - r) + Z r) . (5.148) 

Eliminating (I^qY"/)^/^ in ()5.147p by an elementary algebraic manipulation and taking 
the sum, we obtain 

Fo' + F/ + < C (Fj + Y[) r^/2(l - £n r) 

+C (Fo (r^-^ + + T^l\\ -inT) + r^'^'^^) +Y,t + Z t^'^) 
which implies 

Fo' + F/ + Z'< (1/2) (Fo + Fi + Z) 
for r sufficiently small. This proves that F is a contraction in the norms ()5.14U|) - 



(|5.142j) . The existence result now follows from the fact that IZ is closed in those 
norms. 

Finally, the uniqueness result follows from Proposition 4.2. 

□ 
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6 Asymptotic functions and remainder estimates 



In this section we construct approximate solutions {wa, Sa, Ba) of the auxihary 
system ()2.41|) satisfying the assumptions made in Section 5 and in particular the 
remainder estimates needed for the Cauchy problem at t = for that system. We 
construct {Wa, Sa, Ba) by solving the system (j2.41|) by iteration with the contribution 
of Bq omitted, so that Bq will appear only in the remainders Ri and R^. Accordingly 
we define 

B'a = Bia + B2a ■ 

The contribution of the j-th order in the iteration for {wa, Sa, B'^) will behave as 
P modulo logarithms. Since we need an accuracy of order t^/a+A ^j^^j-^ _x > q (see 
the definition of h in Section 3), it will suffice to iterate once in order to reach that 
accuracy with A < 1/2. We recall also that as regards Ba, we choose separately 
asymptotic forms Bia and B2a for Bi and B2, in spite of the fact that Bi is an 
explicit function of w. Thus we define 

f Wa = WaO + Wal , Sa = SaO + Sal , 

(6.1) 

[ Bia = BiaO + Bial , -820 = -820! + -^202 ■ 

The shift by 1 in the last index of i?2a refiects the fact that B2 itself is already of 
order t, so that in all cases the last index indicates the power of t in the asymptotic 
behaviour. The term i?2a2 is apparently of order and could probably be omitted 
at the cost of serious technical complications. We define the lowest order quantities 

by 

idtWao + (l/2)Aw„o = , Wao(O) = w+ , 

BlaO = Bi{Wao) 

(6.2) 

dtSaQ = t ^Vg{Wao) + VBiL{Wao) , Sao(l) = , 

B2al = l32{WaO, WaO, SaO + Biao) 



67 



and the next order quantities by 



idtWal 


= i {Snn + B^nn) ■ Vw„n + fi/2)('V ■ s„n)'Wnn+ 






(1/2) {SaO + 5iao)^ U^aO + (-Bla05 + ^2al) WaO 


, U^al(O) = 


Blal = 


2fii(w„o, Wal) 


(6.3) 


dtSal = 


= 2t"^V5'(WaO, ^i'al) + 2V5iL(WaO, Wal) 


Sal(O) =0 


B2a2 = 


2B2{WaO, Wal, SaO + ^lao) " ^-^2 (-P(Sal + Bial 


+ 52„l)|Waon . 



For any polynomial function f{wa, Sa, -Bia, B2a) and any nonnegative integer p, we 
define 

f{Wa,Sa,Bal,Ba2)>p= f {Waj , Sak, Bia£, B2am) ■ (6.4) 

The remainders Rj, 1 < j < 4, defined by (j2.57|) then become 

Ri = Rw + Ru (6.5) 

where 

Rio = -iBo ■ VWa - {BoiSa + B,a + 52a) + (1/2)5^ + B^) Wa 
Rn = il/2)AWal - {liSa + Bia + B2a) " + (V2)(V ■ Sa)w, 

+ (l/2)(Sa + Bia + B2afWa + 5iaSWa}>i " {B2aWa)>2 , 

R2 = -t-^Vg{wa)>2 = -t-^Vg{wai) , 

i?3 = -fil(Wa)>2 = -Bi{Wal) , 
R4 = -R40 + R4I 

where 

/?4o = ti^2(P5o|^i;„n , (6.11) 

R4I = -B2iWa, Wa, Sa + Bia + B2a)>2 ■ (6.12) 

We now turn to estimate {wa, Sa, Ba). We use the spaces H'' = fl iJ^ (see Sec- 
tion 3) and the notation v G (X, /) to mean that v G C{I, X) with || f (t); ||< f{t) 
for all t E I, with / = (0, r] for some t, < r < 1, with r = 1 in the present case 
(see Section 3, especially ()3.1|) ). 
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(6.6) 

(6.7) 
(6.8) 
(6.9) 
(6.10) 



Lemma 6.1. Let w+ G H''+ , xw+ e H^+~^ with A;+ > 5 V (3 + /?"^). Then the 
components ofwa, Sa, Ba defined by \6.1]) \6. jjj) \6. satisfy the following properties . 



Wao e {h''\ l) , xwao G {h''^-\ l) , (6.13) 

dtWao e (h^+-\ l) , dtxwao G (h^^-\ l) , (6.14) 

Biao G (/^'++\ l) , 5i„o G (< a; > if 1 n n r^) , (6.15) 

9^^1,0 e (/7'=+-\l) , (6.16) 

dtBiaoe [<x> H^nH^nH^+,t-^) + [H''+-^,t-^) , (6.17) 

So G (if'^+^S 1 - £n t) , ^tso G , (6.18) 

B2ai G t(l - in t)) , 52ai G 1 - £n t) , (6.19) 

dtB2ai G (i/'^+^S 1 - £n t) + t{l - en t)) , (6.20) 

dAai G + {h''+-\ (1 - £n t)) . (6.21) 

Let in addition ki = (/c+ — 2) A (A;+ — Then 

Wai^ (H^\t{l- Intf) , xWaie(H^\t{l-entf) , (6.22) 

<9t?i;,i G (/f'S (1 - (in tf) , dtxwai G {h'\ (1 - in t)^) , (6.23) 

5iai G (if'^^+S t(l - £n tf) , G (1 - in tf) , (6.24) 

dtB,,, G (if'^^+i, (1 - £n t)2) , (6.25) 

dtB^aie [H'''+\t-\l-intf) + (^H''+-\{l-intf) , (6.26) 

si G (iJ'=St(l t)2) , dtsie [H''\{l-inty) , (6.27) 

52a2 G [H''^+\t\l - in tf) , B2a2 G (H^'+\t{l - in tf) , (6.28) 

dtB2a2 G (i/'^^+S t(l - £n t)=^) + (^H''+'\ t\l - in tf) , (6.29) 

dtB2a2 G (//'^+\ (1 - in tf) + (h''+-\ t{l - in tf) . (6.30) 



Proof. In all the proof, the subscript a will be omitted. The proof uses system- 
atically and without mention the Holder inequality and the Sobolev inequalities of 
Lemma 3.1, parts 1 and 2, as well as some trivial commutator identities. In the 
estimates of the Bj^s, it also uses Lemma 3.6, in particular (|3.18|) (|3.19p and the 
special case r = 4 of ()3.20|) . namely 

/oo 
du{u - l)-VV-^-+l/^ II M{t/U) 114/3 
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which ensures that 

\\ Fj{M) \\^ < C t\l - en tf (6.31) 

if 

II M{t) \U/s<Ct\l-intY 

provided j + k > 3/4, and in particular for j + k > 1. The estimate ()6.3H) is 
used only to show that Fj{M) tends to zero at infinity in space so that an estimate 
of II VFjM II 2 suffices to prove that Fj{M) G H^. The proof also occasionally 
uses Lemmas 3.2-4, which will be quoted when appropriate. The Bj^s defined by 
()6.15|) - ()6.30|) are given more explicitly by 



where 



B,o = -Fi{Px\wo\^) 

B^o = -t-'Foix-Px\wo\^) 

dtBio = -F2{Pxdt\wo\^) 

dtBio = -t-'B,o - t-'Fi{x ■ Pxdt\wo\^) 

B21 = t F2{PN{) 

B2i = Fi{x-Pm) 

dtB2i=t-'B2i+tF3{PdtN^) 

dAi = F^ix ■ Pdtm) 



Ni = Im WqVwo - (so + 5io)|wo|^ , 

5n = -Fi{Px 2Re WqWi) 

Bn = -r^Fo{x ■ Px 2Re WqWi) 

dtBn = -F2{Pxdt 2Re WqWi) 

dtBn = -r^Bii - r^Fi{x ■ Pxdt 2Re wqWi) 

B22 = t F2{PN2) 

B22 = F,{x ■ PN2) 

dtB22 = t-'B22+t F^{PdtN2) 
dtB22 = F2{X ■ PdtN2) 



6.32) 

6.33) 
6.34) 
6.35) 
6.36) 
6.37) 
6.38) 
6.39) 



6.40) 

6.41) 
6.42) 
6.43) 
6.44) 
6.45) 
6.46) 
6.47) 
6.48) 



where 

N2 = 2Im wiVwo - {so + fiio)2Re wiWq - {si + Bn + fi2i)ko|^ . (6.49) 
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We now begin the proof of the estimates. In all the proof, m denotes a real 
number satisfying suitable conditions. 

The properties (j6.13|) (|6.14|) of Wq are obvious. 
From (jTTHIl we estimate 

II tj'^^'B.o II2 < Im (II ^"^xl^oP II2) < C 

for < m < by Lemma 3.2. Furthermore, -Bio has j = 1, = in (|6.3ip so that 
-Bio £ L"^- Similarly, from ()6.33|) ()3.19|) . we estimate 

II ^""^^^lo II2 < r^im-i (||< X > uj'^xlwol^ II2) < c 

for 1 < m < kj^ — 1. Furthermore -Bio has j = = in ()6.3H) . so that Cij-Bio G -L^. 
Together with the properties of -Bio, this proves ()6.15p . From ()6.34p ()3.18p . we 
estimate 

II ^"^^i^io II2 < (II uj'^-'xw^dtw^ II2) < C 
for < m < A;-4_ — 1. This proves ()6.16|) . Similarly, from ()6.35p ()3.19p we estimate 

II 0;"^+^ [tdtBio + 5io) II2 < /m (||< a; > uj'^xwodtwo h) < C 

for < m < /c+ — 3. Furthermore tdtBio + -Bio has j = 1, k = in ()6.3ip . so that 
tdtBio + -Bio G L^- Together with dHUl), this proves (IFTTTIl . 

The properties (j6.18|) of So follow from (j6.15p and from the properties of g in 
Lemma 3.5. 

From ()6.36|) ()3.18|) . we estimate 

II c^"52i II2 < t /m (11 uj^'-^PNi h) <Ct{l-in t) 

for < m < A;+ + L Here we have used Lemma 3.3 to prove that PlmwoVwo and 
Psol^oP = P(Vipo)\wQ\^ belong to H''+, using the fact that So = Vy^o is a gradient, 
with properties of ipo that can be read from (jfi.lHj) . Similarly from ()(i.37|l ()3.19|1 we 
estimate 

II ^"^+'521 II2 < Im (II ■ PiVi II2) < C{1 - £n t) 

for < m < k^. Here we have used Lemma 3.4 to show that P ■ xlmwoVwQ and 
P ■ xso\wq\'^ = P ■ x'Vipo\wo\'^ belong to H''+ . Furthermore, -B21 has j = 1, /c = in 
fj6.31|) . so that -B21 G L^. This completes the proof of ()6.19|) . 
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From ()6.38|) ()3.18|) . we estimate 

II a;™ {dtB,, - t-'B,,) h < t I^+i (|| u'^-'PdtN^ h) . 

The contribution of all the terms from dtNi not containing dfSo is estimated by 
Ct{l — in t) for < m < A;+ — 1, while the contribution of the term containing 
dtSo is estimated by C for < m < A;+ + 1, again by Lemma 3.3 and the fact that 
Sq = VfQ. Together with ^TH^ . this proves (jHSOl)- Similarly, from dSH), 
we estimate 

II Uj'^dAl h < Im (II i^'^-'x ■ PdtN, h) . 

The contribution of the terms from dtNi not containing dfSQ is estimated by 
C{1 — in t) for < m < — 1, while the contribution of the term containing 
dtSo is estimated by Ct^^ for 1 < m < k+ + 1 hj Lemma 3.4 and the fact that 
So = Vv^Q. Furthermore the term containing dtSo has j = 2, k = —1 in ()6.3H) and 
therefore belongs to L^. This proves ()(i.2H) . 

From the definition of wi in ()6.3|1 . it follows that wi satisfies (I6.22|) ()6.23|) . In 
fact, the basic estimate is that of dtWi. The upper bound ki < k^ — 2 comes from 
V- So as estimated by ()(i.l8|l . while the upper bound ki < /c+ — comes from -B105 
through the estimate 

II Bioswo II2 < II uj''+-'^~'Bws h II ^^0 lloo 

+ II ^105 lloo II UJ^+~^''wo II2 

< II u'^^B,, h {t II wo lloo +t^^'--'/'^ II u'^-P-'w^ h)<C 

by ()6.15p . The estimate of Wi is obtained from that of dtWi by integration in time. 
The estimate of xdtWi is the same as that of dtWi, with x absorbed by wq, and the 
estimate of xwi follows therefrom by integration in time. 
From (lOTll (ITT^ . we estimate 

II Cj'^fill II2 < Irn-l (11 CU^^VmJqWi Ih) < C t{l - in tf 

for < m < /ci + 1. Similarly, from ()6.42|) ()3.19|) . we estimate 

II c^™+'5n II2 < (||< a; > uj'^xwoWi h) < C(l - in tf 

for < m < fci. Furthermore Bu has j = 0, A; = 1 in ()6.31|) and therefore Bn G L^. 
This completes the proof of ()6.24j) . 
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From ()6.43|) ()3.18|) . we estimate 

II UJ^dtBu h < Irn (II UJ-'xdt{WoW,) h) < C (1 - iu tf 

for < m < /ci + 1. This proves ()6.25|) . 
From (lOill (jSHni), we estimate 

II UJ^{tdtB^^ + 5n) h < Im-i {\\<x> uj^~^xdt{woW^) h) . 

The contribution of the term with dtWQ is estimated by Ct{l — in t)"^ for < m < 
{k+ — 2) A (fci + 1) while the contribution of the term with dtWi is estimated by 
C{1 — in ty for 1 < m < fci + 1. The latter term has j = 1, A; = in ()(j.3Hl and 
therefore belongs to L^. This completes the proof of ()6.26|) . 

The properties ()6.27p of Si follow from ()6.24|) and from the properties of g in 
Lemma 3.5. 

From (j6.45|) (j3.18p . we estimate 

II CU™522 II2 < t Ira (|| Uj""-^ N2 h) < C ^{1 - in 

for < m < ki + 1. Similarly, from ()6.46|) ()3.19|) . we estimate 

II tu"S22 II < Im-1 {\\<x> u'^~^N2 II2) <Ct{l- in tf 

for < m < fci + 1. This proves ()(i.28|l . 
From ()6.47|) ()3.18|) . we estimate 

II [dtB22 - t-'B22) \\2<t Im+1 (11 Uj"'-'dtN2 h) • 

The contribution of the term with VdtWo is estimated by Ct^(l — in tY for < 
^ < (^+ — 2) A (/ci + 1). The contribution of all the other terms is estimated by 
Ct{l - in tf for < m < /ci + 1. This proves 
Finally, from ()6.48|) ()3.19|) . we estimate 

II Uj'^dtB22 II < Im (||< X > Uj"'-'dtN2 h) • 

The contribution of the term with VdtWQ is estimated by Ct{l — in tf for < 
< {k+ — 2) A (/ci + 1). The contribution of all the other terms is estimated by 
C{1 — in tf for < m < fci + 1. Actually, as compared with dtB22, the additional 
factor < a; > is absorbed by Wi with no loss in regularity or decay, and by Wq in 
|woP and WodtWo with no loss in decay. This proves ()6.30|] . 

□ 
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We summarize the information on [wa, Sa, Ba) which follows from Lemma 6.1 in 
the following proposition. 

Proposition 6.1. Let w+ e , xw+ G H^+-^ with A;+ > 5 V (3 + /3~^). Let 
h = {k+ - 2) A {k+ - (3^^). Let {wa,Sa,B'^) be defined by ([Op ^KW (O and 
B'^ = Bia + B2a- Then {wa, Sa, -Ba) satisfy the following properties 

Wae{H''\l) , xwae(H^\l) , (6.50) 

dtWa G {h^^ (1 - in tf) , dtxwa G (1 - in tf) , (6.51) 

Sa G {h'\ (1 - in t)) , dtsa G (H^\t-^) , (6.52) 

B'^e [h'''^\i) , E^G (<x>ij^nij^nij^^+\r^) , (6.53) 

dtB'^ G [H''^+\{l-in t)2) 

(6.54) 

dtB'^ G (< X > if 1 n if 2 n if (fci+l)A(fc+-2)^ ^-2^ _ 

Furthermore B'^s = XsBia + i?2a satisfies the estimate 

II B'as lloo + t II dt&aS lU < C{1 - in t) . (6.55) 

Proof. The properties and estimates ()6.50|1 - ()6.55|) follow from Lemma 6.1 except 
for the contribution of Biao to ()6.55|) . We estimate 

II B.aOS Hoc < t^^'--^'^^ II Uj'^-B.a, h < C t^^' 

by ()6.15|) . Similarly 

II B,alS lloo < t'^('=-V2) II ^f^^+^Bral h < C t^'-^/'^"^'^/' {1 - iu tf 

by since 

j3k^ = (f3k+ - 2(3) A {(3k+ - 1) > 1 A 2/3 . 

The estimate of dtBias is obtained by combining similar arguments with the 
estimate of dtBia, taking into account the time derivative of xs- 

□ 

We now turn to the estimates of the remainders. The final result will be that 
the remainders satisfy the assumption (A3) of Section 5 with 

h{t)=t^{l-in t)^ . 
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We first consider the part not containing Bq, namely Ru, R2 , -R3 and R41. The 
estimates for that part follow from or extend Lemma 6.1. The part containing Bq 
requires different arguments and additional assumptions. 

Proposition 6.2. Let w+ E H''+ , xw+ G H''+-^ with A;+ > 5 V (3 + f3~^)and let 
ki = — 2)A(/c+— Then the remainders R2, R3 and Rn satisfy the following 
properties 

R2e{H^'+\t{l-lntf) , (6.56) 
i?3, ti?3 e (H^^+^.t'^il - in tY) , (6.57) 
dtRs, tdtRz e {h''+\ t{l-in t)^) , (6.58) 
RiutR^i e t^l - en t)^) , (6.59) 

dtRii,tdtRii e ^^(1 - In tf) . (6.60) 

Let in addition k+ > 2(3^^ and define 

k2 = (ki - 2) A (A;i + 1 - . (6.61) 

Then the remainder Ru satisfies the following properties : 

Rii.xRiie (H^\t{l- IntY) , (6.62) 

dtRiuxdtRn G (1 - in t)^) . (6.63) 

Proof. In all the proof, we omit the subscript a. 

The property ()6.56|) of R2 follows from ()6.22|) and from the estimates of g in 
Lemma 3.5. 

The properties (j6.57j) (j6.58p of R^ follow from the properties (j6.22j) (j6.23|) of Wi 
by estimates similar to those contained in the proof of Lemma 6.1. 
We next turn to R41 which we rewrite as 

R41 = -tF2 (P ImwiVwi - P((s + B')\w\^)>2) • 

By Proposition 6.1, the space regularity of w, s, B' is at least H^^. Together with 
Lemma 3.3, this proves that R41 has the regularity of H^^^^ . The time decay follows 
from Lemma 6.1, with the worst term being Sojti'ip < 0(t^(l — in t)^). This proves 
the first part of ()6.59|) . The second part, namely the estimate of R41, follows from 
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the fact that the additional factor < x > can be absorbed by Wi or wq with a loss 
of regularity by zero or one space derivative respectively, and in both cases without 
any change in the time decay. 

We next consider the time derivative of -R41. A time derivative produces at 
most a loss of a factor t when acting on the various components of {w, s, B' , B'). 
It produces no loss of regularity when acting on wi, s and therefore in the terms 
generated by dtWi or dfS in dtB' and dtB'. It produces a loss of regularity by at 
most two space derivatives when acting on wq and in the terms generated by dtWo 
in dfB' and dfB'. However, that loss of regularity occurs only in terms where the 
regularity starts from a sufficiently high level, so that it does not affect the final 
result. This proves 

We finally consider Ru which we rewrite as 

Rn = R[^ - (5i5w)^^ , 

R[^ = {l/2)Awi-{i{s + B') ■ Vw + (V2)(V ■ s)w + (l/2)(s + B'fw]^-{B2w)^^ 

We first consider R!^^. By Proposition 6.1 the space regularity of w, s, B' is at least 
H'^^, so that R'l^ G The time decay follows from Lemma 6.1, with the worst 

term coming from SqWi < 0{t{l — In tY)- Therefore 

i^'ii G (h^^~^, t{l - In tf) . (6.64) 

We next consider 

(Bisw)^^ = BiosWi + BusWo + BusWi . 

It follows from Lemma 6.1, especially ()6.24j) . that 

BuWi G {H^\t{l - in ty) . (6.65) 

In particular the use of the S cut off is not needed for that term. Using ()6.15|1 . 
we next estimate 

II u'^^BiosWi II2 < II uj'^^Bios II2 II wi lloo + II Bios lU || t^'^'u^i II2 

< ^ ^^(^{K-k,) ^ ^/3(fc+-3/2) j II ^k^^^^ y _ 

so that 

^105^^1 G [H''\t{l - in tf) . (6.66) 
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Using ()6.24|) . we next estimate 

II u'^^BiisWo II2 < II ^^'''Bus II2 II Wo lloo + II Bus \\r II uj'^^wo II3/5 
for < 5 < ^2 < fci + 1, with 6 = 6{r) = 3/2 - 3/r, 

< Ct{l-lntf 

for /c2 < /ci + 1 — so that 

^115^0 G {H^\t{l - in tf) . (6.67) 

It follows from ()6.64|) - ()6.67p that -Rn satisfies the first part of ()6.62j) . We now 
turn to the second part, namely the estimate of xRu. Now x can be absorbed either 
by Wq with a loss of regularity by one space derivative or by Wi without a loss of 
regularity, in both cases without any change in the time decay. This proves the 
second part of ()6.62|) . Finally the time derivative produces the same effects as in 
i?4i, thereby leading to ()6.63|) . 

□ 

We now turn to the estimates of the parts Rio and R40 of the remainders con- 
taining Bq. We shall need the following estimate 

||< X >^ diiwa - w+y, H^-^ II < C t^-^{l - in tf (6.68) 

for j, £ = 0,1, which holds under the assumptions of Lemma 6.1. That estimate 
follows from ()6.13p ()6.14j) ()6.22|) ()6.23|) and elementary arguments. We consider first 
Rio which we rewrite as 

Rio = ni{wa) (6.69) 

where 

ni{v) = -iBo ■ Vv - [Boi-Sa + 5;) + (l/2)fio' + Bo)v. (6.70) 

We first derive estimates of some parts of -Rio which can be obtained without 
additional assumptions on w+ beyond those of Lemma 6.1. 

Lemma 6.2. Let w+ G , xw+ G with > 5 V (3 + p'^). Let Bo satisfy 

\3. 3^) for 2 < r < 00 and < j, k < 1. Then the following estimates hold : 

\\<x> dtTZiiwa - w+) II2 < C t^/^(l - in tf , (6.71) 
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II 9^7^l(V^^;+) h < C - in t) , (6.72) 

II VdtTZiiwa - w+) II2 < C t-^/\l - £n t)^ , (6.73) 
II iidtBo)iVis, + B,)) + Bo{Vdt{sa + B'J))w+ h < C r'/^l - in t) . (6.74) 

Proof. In all the proof, we omit the subscript a. Let v = w — w^. We start from 

-dtUiiv) = (dtBo) {iVv + is + B)v) + 5o {dt{s + B')) v + {dtBo)v 
+iBoVdtV + [Bo{s + B') + (1/2)52 ^ _ ^g_75) 

We first prove ()6.71|1 and for that purpose we estimate 

||< X > dtUiiv) II2 < II dtBQ II2 ||< X > Vt; lloo + ( || dtB^ \\s + B \\^ 

+ II Bq II2 II dt{s + B') lloo + II dt&Q II2 ) ||< a; > ^; lU + || Bq Us ||< a; > VdtV He 

+ (11 Bq II2 (II s + 5' lloo + II Bq IIoo) + II Bq II2) ||< a; > ^^t; lU 

<Ct^/=^(l-£nt)2 (6.76) 

by Proposition 6.1, ()6.68p and ()3.32|) . This proves ()6.71|) . 

The proof of ()6.72|) is obtained from ()6.76|) by omitting < x > and the terms con- 
taining dtV, replacing v by Vw+ in the remaining terms, and using again Proposition 
6.1 and (jSISl. 

We next prove ()6.73|) . For that purpose we estimate the gradient of ()6.75|) . We 
obtain 

II Va^7^l(^;) II2 < || dtB^ h II V't; He + ( || VdtBo ^ + || dtB^ II2 || s + B \\^ 

+ II Bq II2 II dt{s + B') lU + II dtBQ II2 ) II Vv Hoc 
+ ( II WdtBQ II2 II s+B lU + II dtBQ II2 II V(s+5) lU + II V5o II2 II dt{s+B') |U 
+ II Bq II2 II Vdt{s + B') lloo + II V^t^o II2 ) II V lU + II Bq lis II V^dtv lie 

+ ( II VBq II2 + II Bq II2 (II S + B' lloo + II 5o lloo) + II Bq ^ ) || W dtV ||oo 
+ ( II VBq II2 II S + lloo + II Bq II2 II V(S + 5') ||oo + || V^q h ) || dtV ||oo 

<Cr^/'(l-£n t)3 
by Proposition 6.1, (IF)I)H|l and (|S321)- 
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The proof of ()6.74|) is similar. 

□ 

The full estimates of -Rio require additional assumptions on w+ and Bq. 

Lemma 6.3. Let w+ and Bq satisfy the assumptions of Lemma 6.2. 

(1) Let w+ and Bq satisfy in addition 

II dtBo < X > V^w+ II2 V t'^ \\ Bq < X > w+ II2 V II OiBq < a; > m;+ II2 < C 

(6.77) 

for k = 0,1. Then 

\\<x> dtRwh <C{l-int) . (6-78) 

(2) Let w+ and Bq satisfy in addition 

II {VdtBQ)V^w+ II2 V t-' II (V5o)w+ II2 V II iVdtBo)w+ II2 < C (g_79^ 
for k = 0,1. Then 

II V^ti^io II2 < C - in t)^ . (6.80) 

Proof. We again omit the subscript a in the proof. 
Part (1). Using ()6.75j) . we estimate 

||< X > dtRiQ II2 < ||< a: > dtTZi{w - w+) ^ + || dtBo < x > Vw+ II2 
+ II s + 5 II 00 II dtBo < X > w+ \\2 + II dt{s + B') ||oo || i?o < 2; > II2 
+ II dtBQ <x>w+\\2<C{l-in t) (6.81) 

by ()6.71|) (j6.77|) and Proposition 6.1. 

Part (2). Using ()6.75j) . we estimate 

II VdtRio II2 < II V9^7^l(w;-W7+) II2 + || 9^7^l(V^/7+) h 

+ II {{dtBQ){V{s + B)) + BQ{Vdt{s + B')))w+ II2 
+ II {VdMWw^ II2 + II (s + B) lU II (V9ifio)u'+ II2 + 
+ II dt{s + B') lU II (Vfio)«^+ II2 + II i^dtBQ)w+ II2 
< C t-^^\l - £n tf 
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by (IfTT^ (IFTfHl) (IfTfl) (IFTfni) and Proposition 6.1. 

□ 

We next turn to -R40 which we rewrite as 

i?40 = 7^4 (kal') (6.82) 

where 

7^4(/) = t F^iPBof) . (6.83) 

We first show that one can replace Wa by w+ in the estimates of R40 without 
additional assumptions on beyond those of Lemma 6.1. We shall need the 
following estimate 

||< X >^ diiwa + w+); H^-^ II < C{1 - in tf^ (6.84) 
with £ = 0, 1, which follows from dHJ^ (IH:^ (IH:^ . 

Lemma 6.4. Lei w;+ G iL^+, G E^+~^ with A;+ > 5 V (3 + /J^^). Lei satisfy 
\3. o/jj)) /or r = 2 and < j, /c < 1 . T/ien i/ie following estimates hold : 

II v^+lc^■7^4(ka^ - k+n II2 V t II v'^+^c^■7^4(ka^ - k+n II2 

<C t''/^-'-''{l-intf (6.85) 
/or < j, /c, j + /c < 1. 

Proof. We define f ± = ± so that 

TIa {\Wa\^ — \w+\^^ = T^A (Re V+V-) . 

Using (pnHl) (jSini), we estimate 

II V'^+^9/7^4 (Re U+t;^) h<t (|| V^S^SoTJ+t;- Ih 

+5ji h (II Bqv+v^ II2) , 

II V'=+^9/7^4 (Re U+t;_) h < I,+k {\\< x > V^diBov+v. 

for the relevant values of j and k. The result now follows from ()3.32|1 with r = 2 
and from (Oil . 

□ 
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The full estimates of R^o require additional assumptions on w+ and Bq. 

Lemma 6.5. Let and Bq satisfy the assumptions of Lemma 6.4 and in addition 

II (y'^diBo) w+\\2<C t3/2-j-fc (6.86) 
for < j, k, j + k < 1. Then the following estimates hold : 

II V'^^'dlRio II2 V t II V^+^diRio II2 < C t^/^-^-^{l - tn tf (6.87) 
for < j, k, j + k < 1. 

Proof. By (j6.82j) and Lemma 6.4, it is sufficient to estimate 7^4(|ty+p). Using again 
(jTTHIl (jnUl), we estimate 

II v'^'din,{\w+\') h<t (II v'diBoM' h) 

+S,ih[\\Bo\w4'h) , 

II V'+'din,{\w+\') II2 < I,+k (||< X > V'diBo\w+\' II2) 
for the relevant values of j and k. We next estimate 

||< X >^ (v'diBo) k+P II2 < II {v'diBo) II2 \\<x>w+U<C t'/'-^-' 

for i = 0,1 and 

||< X >^ 5oV|w+p II2 < 2 II So II2 II Vw+ lloo ||< x > w+ lloo < C t^/^ 

by ()6.86|) and ()3.32|) . Substituting the last two estimates into the previous ones and 
using Lemma 6.4 yields ()6.87p . 

□ 

The additional assumptions ()6.77j) ()6.79j) ()6.86|1 on w+ and -Bq are special cases 
of the condition 

II (v'^diBo) <x>' V"'w+ II 2 V II {v''d{Bo) < x >' V™w+ II2 < C t3/2-i-/=-^/2 

(6.88) 

with < j, k,i,m < 1 and k + i < 1. That condition does not follow from factorized 
estimates of Bq and w^. In fact for < a; > G H'^, from ()3.32|) it follows only that 

II (v'^diBo) <x>^ V"^w+ II2 < II V^diBo y \\< x >^ V™w+ lU < C t^l^-^-'' 
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and a similar estimate for Bq. This is weaker than ()6.88|) by a factor t^'^/"^. In order 
to gain that factor, we impose a support condition on w+ and a decay condition of 
Bq and Bq on the support of w+. In fact let < x > w+ G and let Xo be the 
characteristic function of the support of w^. Then a sufficient condition to ensure 
(jF)l?H|l is that 

II XoV^a/5o II2 V II XoV^^/Eo II2 < C e/^-^-^ (6.89) 

for J, A; = 0, 1. The support condition that we shall impose on is 

Supp C {x : I |x| — 1| > 1]} (6.90) 

for some ?], < < 1. This is the same condition that occurs in jH] |2H]- Under 
that condition, it is easy to see that ()6.89p holds for compactly supported (^4+, ^4+). 
In fact, if 

Supp(A+,i+) C {x : |x| < R} 
then by the Huyghens principle 

Supp Aq U Supp X ■ Aq d {{x,t) : \ \x\ — t\ < R} 

so that 

Supp Bq U Supp Bq d {{x,t) : \ |x| — 1| < t i?} 

and the left hand side of ()6.89j) vanishes for t < rj/R. More general assumptions on 
(^4+, ^4+) are given in the following lemma. 

Lemma 6.6. Let satisfy the support condition \6.90\j for some t], < t] < 1. 
Let xr be the characteristic function of the set {x : \x\ > R}. Let {A^,A^) satisfy 

' II Xi?V^(a; ■ V)^'A+ II2 V II Xi?V^(a;- V)^s- II2 < C R-^ 

< 

II Xi?(2;- V)^'i+;L2nL6/5 II V II Xij(a;- V)^'a;-i+;L2nL6/5 II < C R~^ 

(6.91) 

for < j,k < 1 and for all R > Rq for some Rq > 0. Then ^6. 89) holds for 
< j. A; < 1 and for all t G (0, 1]. 

Proof. For j = and as regards Bq, the result is that of Lemma 5.2, part (2) of 
[S] to which we refer for the proof, which is a simple consequence of the Huyghens 
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principle for the wave equation. The case j = 1 follows therefrom and from ()3.24|) 
f)3.26|) . Finally the result for Bq follows from that for Bq and from ()3.27p . 

□ 

We finally collect the results of this section to show that the asymptotic functions 
constructed here satisfy the assumptions (Al) (A2) (A3) of Section 5. 

Proposition 6.3. Let w+ E , xw+ e H^+-^ with A;+ > 5 V (3 + (3-^). Let Bq 
satisfy the condition i3. 3^) for 2 < r < oo and < j, k < 1. Then 

(1) The asymptotic functions {wa, Sa, Ba) defined by i6.1}) \6. ^) \6. 5j) satisfy the 
assumptions (Al) (A2). 

Let in addition > 2(3~'^ . 

(2) Let in addition Bq and w+ satisfy the condition \6. 8^) for < j, k,£,m < 1 
and k + i < 1. Then the remainders Rj defined by \2.51\} satisfy the assumption 
(A3) with 

hit) = t\l - in tf . 

(3) The same result as in Part (2) holds under the assumptions of Lemma 6.6. 

Proof. Part (1) follows from Proposition 6.1 and from ()3.32|1 . Part (2) follows from 
Proposition 6.2 and Lemmas 6.3 and 6.5. The assumptions ()6.77|) ()6.79|) ()6.86|) of 
those lemmas are special cases of ()6.88p . Part (3) follows from Part (2), from ()6.89|) 
and from Lemma 6.6. 

□ 

7 Final results for the auxiliary system and for 
the original system 

In this section we complete the construction of the wave operators for the sys- 
tem ()2.6|) ()2.7|) and we derive asymptotic properties of solutions in their range. For 
that purpose we first state the main result on the Cauchy problem at t = for the 
auxiliary system ()2.4H1 which follows from Sections 5 and 6. In all this section we 
take 13 = 1/2. 

Proposition 7.1. Let j3 = 1/2. Let X(-) be defined by HTlW with h{t) = 
t^(l — £n ty. Let u+ be such that w+ = Fu^ G , xw^ G H"^. Let Bq satisfy 
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the conditions \3. 3^) and \6. 81^) for 2 < r < oo, for < j, k, i,m < 1 and i + k < 1. 
Define {wa, Sa, Ba) by \6.1]) \6. jjj) \6. !^) . Then there exists r, < r < 1 such that the 
auxiliary system \2.4i\j has a unique solution {w, s, B2) such that cr = s — Sq satisfies 
cr(0) = and such that (g, G2) = {w — Wa, B2 — -820) G -'^((O, t]). In particular the 
following estimates hold for all t G (0, r] : 

II V^dl <x>U\\2<C - in tY (7.1) 

/or < j, f < 1 andQ<2j + i + k< 3, 

II V^+^^Gs II2 V t II V'^+^S/Ga II2 < C _ tf (7.2) 

for < j, k, j + k < 1. 

In addition, the following estimates hold for all t G (0, r] : 

II diG2 II2 V t II d{G2 II2 < C t'/^-^{l - in tf , (7.3) 
II V^+^S/Gi II 2 V t II V^+^9^Gi II2 < G t2-i-'=/2(i _ £^ t)4 (7_4) 
/orO <j,k,j + k < 1, 

II II2 V t II diGi II2 < C t^'^il - in tY , (7.5) 

II V'dia II2 < C t^-'-'^'^l - in tf (7.6) 
forj = 0,1 and0<k<2. 

The solution is actually unique under the conditions on (g, G2) stated in Propo- 
sition 5.2. 

Proof. The result follows from Propositions 5.2 and 6.3 except for the low order 
estimates ()7.3|) ()7.5|) . In particular 1)7.11) is a rewriting of 1)5.711) ()5.73p . while ()7.2p is 
a rewriting of ()5.74j) . The estimates ()7.4|1 and ()7.6|1 are a rewriting of ()5. 77)) - 1)5.81)) . 
The lower norm estimates ()7.3)1 ()7.5)) are derived by the same method as in the proof 
of Lemmas 5.1 and 5.2. 

□ 

Remark 7.1. The estimates ()7.4)1 for Gi and Gi actually hold for j = 0,1, and 
< -|- 2j < 3 for Gi, < k + 2j < 2 for Gi. The proof is an extension of that 
of Lemma 5.1. Unfortunately, a similar extension for G2 and G2 would require a 
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reinforcement of the assumptions on Bq and because of the exphcit dependence 
of B2 and of 71^ on Bq. 

We now turn to the original system (j2.6j) (j2.7j) for {u,A). The first task is to 
reconstruct the phase ip. Corresponding to Sa = Sao + Sai defined by ()6.H) ()6.2|) 
fj6.3p . we define 



The phases (pa and satisfy the following properties. We use again the notation 
(jH.lj) as in Lemma 6.1. 

Lemma 7.1. Let G , xwj^ G W^. Then 




(7.7) 



so that Sa = Vv^a- We shall also need a special term of namely 




(7.8) 




(7.9) 




(7.10) 




(7.11) 




(7.12) 




(7.13) 




(7.14) 



Proof. The properties of (fb follow from estimates of i?i(w+) and i?i(-u;+) which are 
identical with those of Biao and Biao in Lemma 6.1. 
We rewrite ipa — fb as 




Jl 
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The contributions of g and of Biai are estimated in the same way as in Lemma 6.1. 
We next estimate 

II V^SisKo) II2 < t^^"-'^ II V'B^iwao) h<C 

with /5 = 1/2 for < A; < 5, so that 

Bis{wa^) e (h\ t(3-fc)/2) for < A; < 5 

and the contribution of that term satisfies the required properties and estimates. 
Finally 

EiKo) - B^{w+) = 2Bi {{U{t) - l)w+, Wao + w+) . 

Now 

<x> {U(t) -l)w+e {H\t) 
so that by the same estimates as those of -Biao and Biai in Lemma 6.1 

B,{wao) - G 1) n {H',t-') 

and the contribution of that difference also satisfies the required properties and 
estimates. 

□ 

Let now {w, s, B2) be a solution of the auxiliary system 1)2.411) as obtained in 
Proposition 7.1, and let (g, a) = {w — Wa, s — Sa) and B = Bq + Bi + B2 with Bi 
defined by (|T!?T|) (1^31) . We define 

^ = dt' [t'-^ {g{q, 2wa + q)+ g{wai)) + B^L{q, 2Wa + q) + B^L{wai)} {t') (7.15) 

so that by (1^3^ and (Q (EH), VV^ = a. From Proposition 7.1, espe- 

cially ()7.6j) and an estimate similar to those in Lemma 6.1, it follows that 
ip G C((0, r], H^) and that ip satisfies the estimates 

II V'+^di^ \\2<C t^-'-''/\l - en tf (7.16) 

for j = 0, 1 and < /c < 2. Finally we define ip = ipa + with Lpa defined by ()7.7|1 
so that Vip = s and ip satisfies ()2.38p . 

We can now define the modified wave operator for the MS system in the form 
fl2.6j) ()2.7|) . We start from the asymptotic data {u+, A^, A^) for {u,A). We define 
w+ = Fu+, we define Bq by ()2.9|) ()2.17|) . namely 

Ao{t) = {cosujt)A+ + uj-^{smujt)A+ = -r^Do{t)Bo{l/t) . (7.17) 
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We define {wa,Sa,Ba) by (Q. We solve the auxiliary system (IT^ by 

Proposition 7.1. We reconstruct the phase ip = + 'ip s^s explained above. We 
finally substitute {w,ip,B2) into (|2.16|) (j2.33p (j2.17j) . thereby obtaining a solution 
[u, A) of the system (j2.6|) (j2.7p defined for large time. The modified wave operator 
is the map Q : A+) — > {u, A) thereby obtained. 

We now turn to the study of the asymptotic properties of {u, A) and in particular 
of its convergence to its asymptotic form Aa) defined in analogy with (j2.16|) 
(inZllby 

Ua{t) = M{t)D{t)exp{t^a{l/t))wa{l/t) , (7.18) 
Aait) = -t-'Doit) B,{l/t) = Aoit) - t-'Doit) + B2a) (1/t) . (7.19) 
The properties of u are best expressed in terms of u and Ua defined by 

u{t) = U{-t)u{t) , Ua{t) = U{-t)ua{t) (7.20) 

so that 

u{t) = M{tyF*exp{iip{l/t))w{l/t) , (7.21) 

Uait) = M{tYF* eM^Va{l/t))wa{l/t) . (7.22) 

In order to translate the properties of (w, ip) into properties of m, we need the 
following commutation relations 

M{tyF*V = -ixM{tyF* , (7.23) 

M{tyF*x = -iM{tyVF* = (-iV + x/t)M{tyF* , (7.24) 

M{tyF*idt = (^tdt + (2t^) x^^ MityF* (7.25) 

so that 

M{tyF*Td^{l/t) = (it'dt + (l/2)x2) M{tyF*v{l/t) . (7.26) 

We shall need in addition the following lemmas, which we state in terms of a 
general function h as considered in Section 3, although we shall use them only in 
the case h{t) = t'^{l - in ty. 

Lemma 7.2. LetO <t <1, let (g, 0) G X((0,r]) so that 

II V'dix^q II2 < C (7 27) 
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for < j,i < 1 with < 2j + k + i < 3 and for all t e (0,r]. Let 9 e 
C\{0, r], < X > n n ij3) Q g^^^gfy 

II ^^^^die \\2<C ti/4-j-fc/2 ^7_28) 

for (j, k) = (0, 1), (0, 2) and (1, 1), and 

\\< X dtO \\^ < C t-^ (7.29) 

/or a// 1 G (0, r]. T/ien gexp(— i^^) satisfies the same estimates as \1.21^ for q with 
the exception of the case {j, k, £) = (1, 0, 1). // in addition 

II dtO lU < C t-' (7.30) 

then also the latter estimate holds. 



Proof. We consider the various cases successively. The result follows from the 
assumptions, from Sobolev inequalities and from the estimates below. 
j = i = 0. 

II qexp{-i9) ^ = \\ q h < C h , 
II Vqexpi-ie) h < II Vg II2 + II q h II He < C t'^'^ h , 

II V^gexp(-z^) II2 < II V^g h + || Vg II3 || He + || q h II V0 ||^ 

+ II q lloo II II2 <Ct-^ h, 

II V^gexp(-ze) II2 < II V^g II2 + || V^g Us || He + || Vg He || ||^ 
+ II Vg lU II V'e II2 + II g lloo (II V^^ 11^ + II V^^ h) 
+ II q lie II V^ lie II V^O lie < C t~^/^ h . 

j = 0, i = 1. It suffices to replace g by xq in the ffist three estimates above. 
J = 1, £ = 0. 

II dt{qexp{-te)) II2 < II dtq h + ||< x > g II2 ||< x dtO ||oo < C t'^ h , 

II V9i(gexp(-ze)) II2 < II Vdtq h + II dtq h II V^^ He 
+ ||< X > Vg II2 ||< X dtO lloo + II g Us II ^dtO \\q 
||< X > g II3 II we lie ||< X dtO \\^ < C r^/^ h . 
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II dt{xq exp{-ie)) y < \\ dtxq ^ + || xq ^ \\ dt6 \\^ < C t ^ h . 

□ 

Lemma 7.3. LetO <t <1, let v G C((0, r], H^) n C\{0, t],HI n <x>ve 
C((0, t], H^) n Ci((0, r], L3) an(i /ei safe/y 

I v\H^ II V ||< X > v-.H"^ II < C 

(7.31) 

I dtv] Hi n II V ||< X > dtv II3 < C t-^ 
for all t G (0, r]. Lei ^ G C((0, r], jf^) sofe/?/ 

II V^+^a/^/- II2 < C r^-^'^ h{t) (7.32) 

for j = 0, 1 and < k < 2, for all t G (0, r]. Then qi = v{exp{—iilj) — 1) satisfies 
the estimates ( |7.i^7| ) /or i/ie same values of j , k, i. 

Proof. We consider the various cases successively. We estimate 
j=i = 0. 

II qi II2 < II V lis H\\e<C h, 
II Vgi II2 < II Vt; II3 II ^ lie + \\ v \\^ \\ h < C h , 

II VV II2 < II V\ II2 II ^ lloo + II Vv lie II lis 
+ II V lloo (11 V'^A II2 + II V^A 11^) 



II V=^gi II2 < II V^v II2 II ^ Hoc + II V't; He || II3 
+ II Vt; lloo (II V^^ II2 + II 

+ II V lloo (11 V^^ II2 + II VV lis II lie + II 11^ 

<Ch [t-'/' + t-'/^ + t-') + /^^ + r^/^) + /i^ <Cht-^ 

j = i = 1. It suffices to replace v by xf in the ffist three estimates above. 
J = 1, £ = 0. 

II dtqi II2 < II dtV II3 II ^ lie + || v \\s \\ dt^ h<Ch t'' , 
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II V(9tgi II2 < II Vdtv II3 II 4j lie + || Vv II3 || dttp \\q + \\ dtv ||oo || VV^ II2 
+ II V Hoc (II Vdtij h + II dtiJ lie II II3) 

< c hr^ + h'^ r^'^ <c hr^ . 

j = 1, i = 1. It suffices to replace v by xv in the ffist of the previous estimates. 

□ 

In order to translate the properties of B into properties of A, we need the fol- 
lowing commutation relation 

v'^s^Ait) = {-y+^ r^-^Doit) {y'^itdtYB) (i/t) (7.33) 

where S = tdt + x -V + 1 (see Section 3, especially ()3.28|l ). 

Proposition 7.2. Let (3 = 1/2. Let he such that w+ = Fu+ G , xw+ E 

and such that w+ satisfies the support condition \6.9(^) . Let y4+,y4+ satisfy \3. 29^) 
KTm and HTM) for < j,k < I. Define {wa,Sa,Ba) by ^ (EJ) (O 
and {ipa,Ua, Aa) by \7. ?| ) 1^7.1^ \7.19^ . Let {w,s,B2) be the solution of the auxiliary 
system Ii2.41]) obtained in Proposition 7.1, let ip = ipa + ip w>'th ip defined by Ij?.!^ , 
let B = Bq + Bi + B2, let {u, A) be defined by ^2.1(^^) \2.17\j and let u be defined by 
rnW - Let T = and I = [T, 00). Then 

(1) x^diV^ueC{I,L^) 

for < + i < 1 and 0<2j + k + i<3, and u satisfies the following estimates 
for the same values of j , k, i and for all t E I : 

II x'^diV'iu - Ua) II2 < C t-2-i+fe/2(i + In tf . (7.34) 

Furthermore dtVUi^—t) exp{—i{pb{l/t, x/t))u(t) G C{I,L'^) and the following esti- 
mate holds for allt E I : 

II 9tVf/(-t)exp(-^¥;fe(l/t,x/t))(M(t) -M„(t)) II2 <C t-^{\^lntf . (7.35) 

Finally the following estimate holds 

II X\U - Ua) \\r < C t-2+^-'5M/2(l + £^ ^^^gg^ 

for i = 0,1, for 2 < r < oo and for all t E I, with 6{r) = 3/2 — 3/r. 

(2) Ae C{I,H^nH^), x-A E C{I,H^), SA E C{I,H^), Sx-A E C{I,<x > H^), 
where S = tdt + x-V + 1. Furthermore A - Aa, x-{A-Aa) eC{I,H^), S{A-Aa), 
Sx ■ {A — Aa) E C{I, H^) and the following estimates hold for allt E I : 

II S\A - Aa) II2 V t-^ II S^x ■ (A - Aa) II2 < C t-3/2(l + in t)^ , (7.37) 
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II V'+'S'{A - Aa) h V II V'+^S^x ■ (A - Aa) h 

<C t-'''^-^'\l + lnt)\ (7.38) 

for < j, k, j + k < 1. 
Proof. 

Part (1). The existence of the solution u with the regularity stated follows from the 
existence and regularity of w obtained in Proposition 7.1, using Lemma 6.6 which 
ensures ()6.88j) . from the reconstruction of the phase (p = ipa + i' performed above 
and from the regularity properties of ipa and ip, through the change of variables in 
the form ()7.21|) . The details of the proof follow from the estimates to be given below. 
We now turn to the derivation of the estimates. We first consider 

V = w exp{—iip) — Waexp{—iipa) 

= {w{exp{-itl)) - 1) + {w - Wa)) exp{-i(pa) . (7.39) 

It follows from ()7.16p that ip satisfies the assumption ()7.32|) of Lemma 7.3 for the rele- 
vant h, while w obviously satisfies ()7.3ip . so that by that Lemma, 
qi = w{exp{—iip) — 1) satisfies the same estimates ()7.27|1 as q = w — Wa for the 
relevant h. We now show that the assumptions on 6 made in Lemma 7.2 are satis- 
fied by (pa and/or — <Pb- For that purpose we use Lemma 7.1. In fact from ()7.11|) 
it follows that 

II ipa;H^r]H^ II <C{l-in t) 
so that if a satisfies fl7:28|) for j = and A; = 1, 2. From (HH) (frr3|l . it follows that 

II dt^a]H^ II <Ct-^ 
so that if a satisfies fl7.28j) with j = k = 1. From ()7.13|) it follows that 

\\dt{^a-^by,H'nH^ II <ct-' 

so that ipa — fb satisfies (|7.3U|) . Finally from (|7.1U|) it follows that 

II < X dt^b, H^nH^ \\<c 

so that (fb and therefore also ipa satisfy ()7.29|) . It follows now from the previous 
results and from Lemma 7.2 that v defined by ()7.39j) satisfies the estimates 

II V'dix^ h<C r^-^'^ hit) (7.40) 
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for < j, J + £ < 1 and < 2j + + £ < 3, and 

II dtxv expiiiph) h < C h{t) . (7.41) 

We now derive the estimates (17^1) ((733) • From (17:^ it follows that 

{u - Ua) it) = M{tyF*v{l/t) . (7.42) 

From (|71Ti|l (|71^ it follows immediately that 

II x\u - Ua){t) h = II V*^t;(l/t) II2 < C t'^/^ (7.43) 

for < /c < 3. From ()7.4()|1 ()7.42j) and the commutation relation ()7.2(jj) . it then 
follows that 

II x'^ (it'dt + (l/2)x2) (m - ua){t) h = II V^9tt;)(l/t) II2 < C t^+'''^ h{l/t) 
for < /c < 1, which together with ()7.43|1 implies 

II x'^dtiu - Ua){t) II2 < C h{l/t) . (7.44) 

From ()7.4()|1 ()7.42|1 and the commutation relation ()7.24|1 . it then follows that 

II X^{^ - x/t)(u - Ua){t) II2 = II V^Xv{l/t) II2 < C h{l/t) 

for < /c < 2, which together with ()7.43|1 implies 

II x^Viu - Ua){t) II2 < C t'^/^ h{l/t) . (7.45) 

Collecting (friH|l - (ffl^ for the relevant h yields (ffl^ . We now turn to (fT^ . We 
define 

M_(t) = U{-t) exp (-2(^6(1 A, x/t)) (M(t) - Ua{t)) . (7.46) 
From a minor variation of 1)7.211) ()7.22j) . it follows that 



M_(t) = M{t)*F* vexp{ivb){l/t) . (7.47) 

From (fr?T]l (fZlTjl and the commutation relations fTI^ (fT^ . it follows that 

II (zt'Si + (l/2)x2) (^V-x/t)M_(t) II2 = \\x{dtvexp{t^t)) (l/t) II2 

< C t h{l/t) . 
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From this estimate and from the analogues of ()7.43|) - ()7.45|) for u_, which can be 
derived in the same way, it follows that 

II dtVu^t) II2 < C h{l/t) (7.48) 

which reduces to ()7.35|) for the relevant h. Finally using the relation 

{u-Ua){t) = M{t) D{t) 

we estimate 

II x\u-Ua){t) \\r = r^^' II II. 

< t-'+' II Mi/t) \\\-"' II VVt;(l/t) llf < c r'/'+' h{l/t) 

for £ = 0, 1 and < 5 = 6{r) = 3/2 - 3/r < 3/2, by the use of ^HM- That estimate 
reduces to ()7.36|) for the relevant h. 

Part (2). The existence and regularity properties of A follow from Proposition 7.1 
as regards A — Aa, while the regularity properties of Aa follow from Lemma 3.7 
and Proposition 6.1, through the change of variables ()2.17|) . We now turn to the 
estimates ()7.37j) ()7.38j) . From the commutation relation ()7.33|1 . it follows that 

V'S^iA - Aam = i-y^' t-'-' Doit) {v^tdtYG) (1/t) , (7.49) 

V'^S^x ■ (A - A,)it) = {-y+' t-'-'' Doit) {v^tdtYG) (1/t) . (7.50) 
The estimates ^TIT^ (IT^ follow immediately from (Q-dTSD and (IT^ (17301) . 

□ 
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